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NOTAT I ON 
Tne  number i n  curved  bracke ts  fo l lowing  some o f  t h e  n o t a t i o n a l  d e f i n i t i o n s  
i s  t h e  number o f  t h e  e q u a t i o n  i n  t h e  t e x t  which  def ines  the  var iab le .  The 
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i n  s q u a r e  b r a c k e t s  i s  the  equ iva len t  no ta t ion  used  in  the  compute r  
Parameter i n  s k i n  f r i c t i o n  e q u a t i o n  ( 1 1 - 3 3 ) .  
Parameter i n  S t a n t o n  number equation (11-36). 
Var i ab le s  used  in  the  Gauss i an  e l imina t ion  method (111-16), 
[AM], m = 1,4.  
Exponent i n  e x p r e s s i o n  f o r  freestream v e l o c i t y  v a r i a t i o n  i n  
l amina r  s imi l a r i t y  so lu t ion  (11 -28) ,  [BS] . 
Parameter i n  S t a n t o n  number equation (11-36).  
Parameter i n  s k i n  f r i c t i o n  e q u a t i o n  ( 1 1 - 3 3 ) .  
Coe f f i c i en t s   i n   equa t ions   (111-7 ,8 ) ,  [ B ] .  
Cons tan t   o f   p ropor t iona l i t y   i n   exp res s ion   fo r  6* in   l amina r  
s i m i l a r i t y   s o l u t i o n  (11-28) ,  [ C ] .  
2(8*/rw)  cos a ,  parameter   re la ted   to   ax isymnet r ic   f low 
appearing in  equat ion  (11-14) ,  [CAI. 
T ~ /  (peU2/2) ,  coef f ic ien t  of s k i n  f r i c t i o n ,  [CF] . 
S p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e .  
(B*/cw) (u/U)/ [ (a(u/U)/a~l] ,  longi tudinal  curvature  parameter  
i n   e q u a t i o n  ( I V - 2 ) ,  [CUI. 
P a r a m e t e r  i n  s k i n  f r i c t i o n  r e l a t i o n  ( 1 1 - 3 4 ) ,  [CMU]. 
Rad ius   o f   l ong i tud ina l   cu rva tu re   i n   t he  same unix as x, [CW]. 
C o e f f i c i e n t s   i n   e q u a t i o n s  (111-4)  and  (111-S), [CO. .  .C8]. 
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(peu-pu)/peU, v e l o c i t y   d e f e c t   v a r i a b l e ,  [FP]. 
Transformed independent variable defined by equation (111-3).  
( h i  - h o ) / ( h l  - hr) , e n t h a l p y  d e f e c t  v a r i a b l e ,  [GP] . 
Arb i t r a ry  r e fe rence  en tha lpy .  
h + u 2 / 2 ,  t o t a l  e n t h a l p y .  
Ind ices  of  v a r i a b l e s   i n   t h e  x and  y d i r e c t i o n s   r e s p e c t i v e l y ,  
[ L J I  * 
S p e c i f i c  h e a t  r a t i o ,  [SHR]. 
x - x p o s i t i o n  at which RL is  de f ined   i n   l amina r  
s imi l a r i t y   (11 -28) .  
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Freestream Mach number, [MI. 
6*Ux/U, parameter   in   equat ion  (11-14) ,  [ P I .  
R *PI  pa rame te r  i n  l amina r  s imi l a r i t y  f low,  [PI .  
w/wg, Prand t l  number, [PR] . 
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(we - v)/ (weg - vg) , t u r b u l e n t  P r a n d t l  number, [PRT] . 
(p UG*)x/peU, pa rame te r  i n  equa t ion  (I"), [Q]. e 
R *Q, pa rame te r  i n  l amina r  s imi l a r i - ty  flow, [Q] . 6 
Local  heat  f lux (11-4b) .  
R6*R, p a r a m e t e r  i n  l a m i n a r  s i m i l a r i t y  flow, [R] . 
(x2 - x )U/v,  Reynolds  number i n  l a m i n a r  s i m i l a r i t y  s o l u t i o n ,  1 
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6*U/v, Reynolds number based on displacement thickness, [WT], 
rw (x) + 7 cos a(;) , radius  of  a point  i n  t he  boundary layer 
i n  the  same u n i t s  as x.  
Radius of sur face  i n  t h e  same u n i t s  as x ,  [RW]. 
Sutherland  constant  (11-18), [STC]. 
qw/[peU(hi - hlq)],  Stanton number, [ST]. 
q,,/[PeU(hE - h,)], reference Stanton number, [STR]. 
Characterist icssize of roughness e 
as x, [SW] . 
Proport ion of  turbulence viscosi ty  
(IV-4) , [TURB] . 
Freestrean ve loc i ty ;  a rb i t r a ry  dim 
ements i n  t h e  same un i t s  
i n  effective v i scos i ty ,  
n s iona l  un i t s ,  [U] . 
Freestrean ve loc i ty  a t  x i n  laminar s imi l a r i t y   so lu t ion  
i n  t h e  same u n i t s  as U ,  fU (2)].  
Time average  veloci t ies  i n  the  x and y d i rec t ions   re -  
spec t ive ly .  
/~ ,~ /p , ,  sk in  f r i c t ion  ve loc i ty  i n  t h e  same u n i t s  as U. 
Functions used in the solution of equations (111-16),  [VkI,VHP]. 
Correc t ion  fac tor  which accounts for  in f luence  of  longi tudina l  
wall curvature on the  effective v i scos i ty ,  [VHP]. 
Reynolds hea t  f l ux .  
Reynolds stress. 
Wall t r a n s p i r a t i o n  v e l o c i t y  i n  t h e  same u n i t s  as U ,  [VW) . 
Streamwise coordinate;  arbitrary dimensional units,  [X] .  
x - x numer ica l   in tegra t ion   s tep   in   the  streamwise i+l i' 
d i r ec t ion ,  [DX] .  
Coordinate normal t o  w a l l .  
s /T/P/v, wall roughness scaled on law of t h e  wall coordinates 
-. 
w [YPS] . 
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Angle of t h e  t a n g e n t  t o  t h e  s u r f a c e  w i t h  r e s p e c t  t o  t h e  axis 
of symmetry. 
6*(dp/dx)/Tw, the Clauser  equi l ibr ium pressure gradient  para-  
meter, [B] . 
dTlv/PU2, ra t io  o f  s k i n  f r i c t i o n  v e l o c i t y  t o  freestream v e l o c i t y ,  
[GAM1 
J I (beo  - cfi)/(peij (r/r,)df, d i s p l a c e m e n t  t h i c k n e s s  i n  t h e  same 
u n i t s   a s  2, [DT]. 
lo (U-u)/b ( r / r Jdf ,   k inemat ic   d i sp lacement   th ickness   in   the  
same u n i t s  as x. 
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y / 6 * ,  nondimensional coordinate normal to wall, [Y]. 
co " - - 
PU(U-u)/ ( r l r J d y ,  momentum t h i c k n e s s   i n   t h e  same 0 
u n i t s   a s  x, [MT] . - 
0.41,  von Karman cons t an t ,  [SKI. 
Molecular  k inemat ic  v i scos i ty .  
Ef fec t ive  k inemat ic  v i scos i ty  (11-Sa) .  
Ef fec t ive  k inemat ic  conduct iv i ty  (11-Sb) . 
Molecular  kinematic  conduct ivi ty  (11-4b) .  
Density.  
Loca l  shear  s t ress  (11-4a) .  
ve /U6*,  nondimens iona l  e f fec t ive  v iscos i ty  ( I I - l7a) ,  [VE] . 
R6.T, n o n d i m e n s i o n a l  e f f e c t i v e  v i s c o s i t y  i n  l a m i n a r  s t a r t i n g  
flow, [VE] . 
v /U6*, nondimensional  effect ive conduct ivi ty  - (11-17b) ,  [VEG] . 
Jo(pu/peU) (fil - so)/ (si - hr )   ( r / rw)dF ,   i n t eg ra l   en tha lpy  
th i ckness ,  [H'F] . 
eg 
00 " - - 
Inne r  and  ou te r  e f f ec t ive  v i scos i ty  func t ions  shown i n  F i g u r e  2. 
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x =  
x =  
KYY'TT/~*U, coord ina te  normal  to  wall i n  o u t e r  e f f e c t i v e  v i s -  
cos i ty  hypo thes i s ,  [CHI] . 
K Y ~ / V ,  c o o r d i n a t e  n o r m a l  t o  w a l l  i n  i n n e r  e f f e c t i v e  v i s c o s i t y  
hypothesis .  
Supe r sc r ip t s  and Subsc r ip t s  
Evaluated a t  asymptotic matching point,  [ ( )A]. 
Evaluated a t  edge of  layer  (except  for  ve(q=rl  ) E v ) , a l s o  
used to   deno te   qu i l i b r ium f '  and g '  func t ions .  
Evaluated a t  wa l l ,  [ ( )\VI. 
e e, 
D i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  x .  
Evaluated at i n i t i a l  x s t a t i o n .  
Evaluated a t  the   edge   o f   t he   l aye r ,  n-, [ (  ) E ] .  
D i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  rl = y/6*, [ ( )PI . 
Used with G , ; ,  etc .   denotes   untransformed  coordinates .  Used 
with  func t ions  of x only,   denotes   average  value,  
[ (  )i+l + ( l i I / 2 .  
D e n o t e s  q u a n t i t y  i n  s i m i l a r i t y  s t a r t i n g  e q u a t i o n s  which have 
d i f f e r e n t  i n t e r p r e t a t i o n  i n  l a m i n a r  and turbulen t  f lows ,  
see Sec t ion  11, I n i t i a l i z a t i o n .  
Denotes subroutine of program. 
I .  INTRODUCTION 
Studies  of  boundary layer  f lows have been made f o r  two reasons; one 
i s  the  prac t ica l  need  for  boundary  layer  so lu t ions  in  des ign  problems;  the  
o t h e r  i s  t h e  d e s i r e  t o  a c h i e v e  a b e t t e r  t h e o r e t i c a l  u n d e r s t a n d i n g  o f  t h e  
mechanism of  boundary layer  f lows.  The c a l c u l a t i o n  method desc r ibed  he re in  
was des igned  to  exped i t e  bo th  o f  t hese  ob jec t ives .  I t  makes recent   advances 
i n  t h e  state of t h e  ar t  a v a i l a b l e  i n  t h e  form of a convenient  tool  for t h o s e  
who are i n t e r e s t e d  i n  e n d s  r a t h e r  t h a n  means.  For  those  concerned  with 
theo re t i ca l  i nves t iga t ions  o f  boundary  l aye r  f lows ,  it overcomes t h e  t e c h n i -  
cal problems of  solving the equat ions of  motion and thereby emphasizes  the 
phys ica l  assumpt ions  necessary  to  c i rcumvent  our  ignorance  and  inabi l i ty  
t o  d e s c r i b e  b a s i c  t u r b u l e n t  t r a n s p o r t  p r o c e s s e s .  A var ie ty  of  assumptions 
can ,  t he re fo re ,  be  t e s t ed  f ree  f rom approx ima t ions  r e l a t ed  to  the  so lu t ion  
of   the  equat ions.   Al though a s p e c i f i c  t u r b u l e n t  e f f e c t i v e  v i s c o s i t y  
hypothesis  i s  i n c l u d e d  i n  t h e  p r o g r a m  f o r  p r a c t i c a l  c a l c u l a t i o n s ,  it i s  
whol ly  conta ined  in  a sub rou t ine .  The subrou t ine  may e a s i l y  b e  r e p l a c e d  
by  an a l t e rna t ive  fo rm.  
The p r e s e n t  r e p o r t  i s  an extension of Reference [l] to  compress ib l e  
f low.   Also   descr ibed   a re   s ign i f icant   improvements   and   s impl i f ica t ions  of 
the numerical  method  which apply  to  both  incompress ib le  and compressible 
vers ions of  the program. 
The compress ib le  vers ion  of  the  program inc ludes  so lu t ion  of  the  ther -  
mal energy equation and a l l o w s  f o r  n e c e s s a r y  f l u i d  p r o p e r t y  v a r i a t i o n s .  
Comparison of compressible flow data and heat transfer data may be found 
i n  Reference [ 2 ] .  Somewhat  more involved  extensions  of  this  program  have 
a l s o  b e e n  u s e d  t o  i n v e s t i g a t e  more complicated models which calculate 
mean tu rbu len t  ene rgy  f i e lds  and ,  a t  the  Stanford  Conference on Computation 
of Turbulent Boundary  Layers [ 3 ] ,  have been compared with calculations using 
t h e  more s imple  e f f ec t ive  v i scos i ty  hypo thes i s .  Th i s  s imple  hypo thes i s  
performs remarkably well i n  p r e d i c t i n g  d a t a  and t h i s  h a s  now been well 
documented i n  t h e  l i t e r a t u r e  [4,5,6]. Therefore ,  it i s  p o s s i b l e  t o  con- 
c e n t r a t e  on computa t iona l   de t a i l s   i n   t h i s   r epor t .   A l so ,  of cour se ,   t he  
program can be operated ent i re ly  in  a laminar mode where the problem is 
purely numerical .  
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Various vers ions of  the program have now been i n  e x i s t e n c e  q u i t e  a 
number of yea r s .  However, it i s  one matter t o  have a program tha t  works ,  
b u t  i t  i s  another  matter t o  p u b l i s h  a program fo r  gene ra l  consumpt ion  to  
provide  suff ic ient   ( though  not   exhaust ive)   documentat ion.   Furthermore,  
c o n s i d e r a b l e  e f f o r t  h a s  now been expended t o  e n a b l e  t h e  p r o g r a m  t o  h a n d l e  
f lows of  wide general i ty  while  avoiding numerical  trauma. 
As ide  f rom the  capab i l i t y  to  compute p l a n a r  o r  axisymmetric, laminar 
o r  t u r b u l e n t  v a r i a b l e  p r o p e r t y  f l o w s  w i t h  a r b i t r a r y  p r e s s u r e  g r a d i e n t s  a n d  
hea t  t r ans fe r ,  p rov i s ion  has  been  made t o  c a l c u l a t e  f l o w s  w i t h  l o n g i t u d i n a l  
wall c u r v a t u r e ,  t r a n s p i r a t i o n  o r  a s p i r a t i o n  and wall roughness .   In   these 
l a t t e r  cases, p red ic t ab i l i t y  o f  da t a  has  no t  ye t  been  documented i n   t h e  
l i t e r a t u r e ;  however,   informal  comparisons  have  been  favorable.   Internal 
means t o  effect  t r a n s i t i o n  from turbulent f low have not been.provided; 
r a t h e r  a t r a n s i t i o n  f a c t o r  (TURB) , which v a r i e s  from zero for laminar flow 
t o  u n i t y  f o r  f u l l y  t u r b u l e n t  f l o w  must be provided by the user as i n p u t .  
Undoub ted ly ,  ex i s t ing  t r ans i t i on  da ta  cou ld  be  inco rpora t ed  in  the  p rogram 
on a pu re ly  empi r i ca l  bas i s ,  o r ,  hope fu l ly ,  a meaningful semi-empirical  
model of t r a n s i t i o n  w i l l  b e  c o n s t r u c t e d  i n  t h e  f u t u r e .  
This manual i s  i n t e n d e d  t o  b e  more than a ca t a log  o f  t he  inpu t s  and 
ou tpu t s .  The boundary layer equations of motion are t r a c e d  u p  t o  t h e  p o i n t  
o f  be ing  r ecas t  fo r  computa t ion  in  cons ide rab le  de t a i l .  The a l t e r n a t i v e  o f  
r e a d i n g  i n  a n  i n i t i a l  p r o f i l e  o r  in te rna l ly  genera t ing  approximate  laminar  
s imi l a r i t y   (Fa lkne r -Skan)   o r   t u rbu len t   s imi l a r i t y   ( equ i l ib r ium)   p ro f i l e s  
i s  d i scussed .  Then a s t e p - b y - s t e p  d e s c r i p t i o n  of the  func t ion  of  each  
sect ion of  the program i s  given along with a flow chart  and a l i s t  of 
n o t a t i o n s .  F i n a l l y ,  t h e  p r a c t i c a l  p r o b l e m  o f  s e t t i n g  u p  t h e  i n p u t  parame- 
ters t o  c a l c u l a t e  a s p e c i f i c  f l o w  i s  considered.  Users who are n o t  i n t e r -  
e s t e d  i n  t h e  t h e o r e t i c a l  b a s i s  o f  t h e  c a l c u l a t i o n  method may s k i p  d i r e c t l y  
t o  S e c t i o n  V ,  t h e  d e s c r i p t i o n  of inputs  and  outputs .  Then i f  s p e c i f i c  
ques t ions  ar ise ,  re ference  can  be  made t o  e a r l i e r  s e c t i o n s .  
The bas ic  numer ica l  scheme can be described as an i m p l i c i t ,  Crank- 
Nicholson method r e s u l t i n g  a t  e a c h  s t a t i o n  i n  a n  o r d i n a r y  d i f f e r e n t i a l  
equat ion.  The o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i s  so lved  us ing  a Gaussian 
e l i m i n a t i o n  method t o  s o l v e  t h e  c h a r a c t e r i s t i c  m a t r i x .  T h i s  method i s  
2 
fast  and s t a b l e  and  the  sp l i t  boundary  condi t ions  are s i m p l y  s a t i s f i e d  i n  
a s i n g l e  p a s s  o u t  and back through the layer.  
A c a l c u l a t i o n  method such as t h i s  must be regarded as f l e x i b l e  s o  
t h a t  improvements can b e  r e a d i l y  i n c o r p o r a t e d  as t h e y  become a v a i l a b l e .  
With t h i s  i n  mind ,  t he  gu id ing  p r inc ip l e  in  the  des ign  o f  t he  For t r an  
coding was c l a r i t y  o f  expres s ion .  The re fo re  a lgo r i thms  were  chosen  which 
were p r i m a r i l y  e x p l i c i t ,  and e a s y  t o  u n d e r s t a n d  i n  o r d e r  t o  c o n s e r v e  p r o -  
gramming time, a n d  o n l y  s e c o n d a r i l y  e f f i c i e n t  i n  terms o f  c a l c u l a t i o n  time. 
When c a l c u l a t i o n  time becomes an i m p o r t a n t  f a c t o r  f o r  a s p e c i f i c  v e r s i o n  
of t h e  program a competent systems programmer w i l l  b e  a b l e  t o  make t h e  
coding more exped i t ious  poss ib ly  a t  the  expense  o f  c l a r i t y .  
\ 
Two computer f a c i l i t i e s  were  used a t  var ious   t imes .  One was t h e  
Pr ince ton  Univers i ty  Computer Center which i s  pa r t i a l ly  suppor t ed  unde r  
National  Science  Foundation G r a n t  NSF-6P579 and t h e  o t h e r  was made a v a i l -  
a b l e  by the Geophysical  Fluid Dynamics Laboratory which i s  a d i v i s i o n  
of NOAA. 
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11. ANALYTICAL FUNDAMENTALS 
Equations of Motion 
The equat ions governing the f low of  a compressible, two-dimensional 




where r (x,?) = rw(x )  + 7 cos a (x) and Lo = fi  + G 2 / 2 .  The equat ions 
app ly   t o   l amina r   o r   t u rbu len t   f l ow i f  t h e   d e f i n i t i o n   o f  7 and < are 
t a k e n  t o  b e  
? / p  = v - - u ' v '  , - a; --- (11-4a) 
(11-4b) 
* The ove rba r s  a re  used  to  d i s t ingu i sh  the  un t r ans fo rmed  va r i ab le s  f rom 
the   t ransformed  var iab les   which   a re   in t roduced  la te r .  however,  the  de- 
pendent  var iables  should a t  a l l  t imes  be  in t e rp re t ed  as time averaged 
q u a n t i t i e s  i n  t u b u l e n t  f l o w .  
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a .  ) Coordinate  System 
b . )  Descr ip t ion  of Ve loc i ty  and Tota l  En tha lpy  P ro f i l e s  
F igure  1. I l l u s t r a t i o n  of  Nota t ion  
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I I II 
- 
where -u ' v '  i s  the  kinematic  Reynolds stress and - v l h l  i s  the   k inemat ic  
Reynolds   hea t   f lux  and 'h = (p/P)y/(y- l ) .  We n e x t  d e f i n e  a n  e f f e c t i v e  V i s -  
c o s i t y  and  an  e f f ec t ive  conduc t iv i ty  s o  t h a t  
?/p = ve(aii/av) , (11-Sa) 
For  laminar  flow Ge = 3 and G = 3 the   molecular   k inemat ic   v i s -  
c o s i t y  and c o n d u c t i v i t y  r e s p e c t i v e l y .  
The boundary condi t ions are 
eg  g' 
i ( X , O )  = 0 , (11-6a) 
(11-6b) 
( 1 1 - 6 ~ )  
(11-6d) 
(11-6e) 
For  convenience it is usefu l  to  t ransform equat ions  (11-1 ,2 ,3)  so  
t h a t  t h e y  a p p e a r  c l o s e r  t o  t h e i r  p l a n a r  form.  This  can  be  accomplished 
with a v a r i a t i o n   o f   t h e   P r o b s t e i n - E l l i o t t   t r a n s f o r m a t i o n ,  [ 8 ] .  Thus, 
6 
- 
x = x  , 
U(X,Y) = U(XrY) 9 
" -  
" -  
P(X,Y) = P(X,Y) * 
h"(x,y)  = fi"(.,y) . 
Using t h i s  t r a n s f o r m a t i o n  a n d  t h e  r e s u l t i n g  r e l a t i o n s  
equations  (11-1,2,3) become 
ah" 
pu ax + pv - =  - 2- ( S  + UT) , a Y  h" :y [ rw - 1  
where now ?/p = (r/r,> ve (sum G / P  = ( r / rw)  veg (ah/ay) , 
pv = ( r / r w )  pi + y--%, and r2 = rw2 (x) + 2y rw(x )  cos  a (x )  . 











u(x,O) = 0 , 
Y + w  
[U(x) - u(x ,y ' ) ]   dy '  i s  bounded, 
0 





U[hi - h o ( s , y l ) ]   d '  i s  bounded.  (11-12e) 
For  purposes  of  calculat ion it is  convenient t o  d e f i n e  a new set  of 
v a r i a b l e s .  The v e l o c i t y  and t o t a l  e n t h a l p y  p r o f i l e s  are expres sed  in  
defect  form 
rl = &*(x) " .  
(11-13a) 
(11-13b) 
( 1 1 - 1 3 ~ )  
(11-13d) 
The choice  of  (11-13a) i s  made because  the  ca l cu la t ion  method i s  h i s t o r i -  
c a l l y  o r i e n t e d  toward  turbulen t  f low in  which case a defec t  formula t ion  i s  
convenient.  Also some convenience   resu l t s  when considering  outer  boundary 
cond i t ions .  The coord ina te ,   y ,  i s  normalized  by  &*(x) = J: (peU - 
Pu)/PeU dy. The more convent iona l  sca l ing  for  laminar  f lows  would  be 
8 
&Tu;, b u t  t h i s  is n o t  m e a n i n g f u l  i n  t h e  t u r b u l e n t  case. S t i l l  no  gener- 
a l i t y  i s  l o s t   s i n c e  6* w i l l  b e   p r o p o r t i o n a l   t o  m x  i n   t h e   i m p o r t a n t  
Falkner-Skan  laminar   s imilar i ty   f lows.   Final ly ,   wi th  an eye  toward tur- 
b u l e n t   f l o w s ,   t h e   f f e c t i v e   v i s c o s i t y ,  Ue and V are normalized on 
US* s o  t h a t  T = ue/U6* and T = u /US* i n   t u r b u l e n t   f l o w s  T and 
g eg 
T are prescr ibed   func t ions   o f   the  l o c a l  mean f low va r i ab le s ,  whereas  in  
laminar  f lows  they are u/U8* and V/US* Pr r e spec t ive ly .  
eg 
g 
When r e w r i t t e n  i n  terms of  these var iables ,  equat ions (11-9) ,  (11-lo) ,  
and  (11-11)  become 
pwvw 
'eu 
(Q + R) (n - f )  - -- S*fx ]  d '  - (Pd + 6*dx) (2 - f ' )  
= (1  - f ' )  6*df;  (11-14) 
(Q + R) (TI - f )  - S*f 
x PeU 
- I g" = (1 - f ' )  6*gk , (11-15) 
2 [ 1 + y  
d =  (11-16) 
1 + ,/'l + 2(k-1)  Me2(1-f1) ( 1  + M ') (1  - Hg') e 
9 
where, P = 6*Ux/U, Q = (6*peU),/peU,, R = 6*rw /rw, Ca = 2(6*/rw) cos a, 
and H = ( h i  - h r ) / h i .  The  form of t h e   f u n c t i o n g  T and T as given 
in  Reference  [ 21 , is 




where X = KY /?/p)6; U, R = U ~ ~ / V ( Q )  and (v/vm) are obtained  f rom  the 




The func t ions  @ and @ a r e   d e f i n e d   i n   F i g u r e  2 .  F ina l ly   the   boundary  
cond i t ions  are 
f(X,O) = 0 , (11-19a) 
f' (x,O) = 1 , (11-19b) 
1 i m  
rl- f (x,rl) -+ 1 , ** (11-19c) 
** The primary  requirement i s  t h a t   f ( Q )   b e  bounded as Q-. However, s o  long 
as rl = y/B* t h e  limit va lue  i s  u n i t y .  On the   o ther   hand ,   th roughout   h i s  
t e x t ,  6* could  be  considered  simply as an a r b i t r a r y   s c a l e   l e n g t h ,  where 
f (00) would  assume t h e  r e q u i s i t e  v a l u e  s u c h  t h a t  f (w)6* is t h e  r e a l  d i s -  
placement  thickness .  
10 
I +  
X 3  + (6.913 
a.) The Inner   Funct ion?  0 = @(X) 
@ = 0.016 t - 
X = 0.41 Y W  
U 23;
b . )  The Outer  Function? G = @(X) 
F igure  2 .  The Turbulent  Ef fec t ive  Viscos i ty  Hypothes is  
11 
1 i m  
l - F  
g(x,q) is bounded 
(11-19d) 
(11-19e) 
The complete set  of equations described above i s  s u f f i c i e n t  t o  c a l c u -  
l a t e  t h e  development  of a boundary  layer.  However, small i n a c c u r a c i e s  i n  
the  numerical   solut ion  which are n e g l i g i b l e  a f t e r  one s t e p  i n  x, a r e  
f requent ly  cumulat ive.  Greater accuracy can be achieved simply by correct- 
ing   the   in tegra l   parameters   uch  as rS* and 8, obtained  from  the numer- 
i c a l  s o l u t i o n  of  equat ion (11-14) ,  by referr ing to  a numer ica l ly  more 
a c c u r a t e  s o l u t i o n  of t h e  same equation. This form is obtained by first 
i n t e g r a t i n g  e q u a t i o n  (11-10) a c r o s s  t h e  l a y e r  which y i e l d s  t h e  von Karman 
i n t e g r a l  moxentum equat ion.  
Then, as suggested by Coles [9] , equation (11-20) may be  in t eg ra t ed  wi th  
r e s p e c t   o  x  between  two  x s t a t i o n s  x and  x The r e s u l t  is  i-1 i' 
where 8, t h e   i n t e g r a l  momentum th i ckness ,  i s  def ined  as 
O0 PU * = I, -(I-;) PeU dY,  




where H,  cf, e and (p v /p U )  are average  values  i n  t h e   i n t e r v a l  (xi-1, 
x i ) .   Therefore ,   the  l s f t  s i d e ,  COF1,  and r i g h t  s i d e ,  COF2, of  (11-20) are 
f irst  c a l c u l a t e d  and t h e   c a l c u l a t e d   v a l u e  8 i s  co r rec t ed   by   mu l t ip l i ca -  
t i o n  w i t h  t h e  r a t i o  COFZ/COFl.  As an  ind ica t ion  o f  t he  l eve l  o f  co r rec t ion  
tha t  has  occur red ,  bo th  COFl  and COF2 are pr in ted  out .  Fur thermore ,  i f  
t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n  were completely consis tent ,  the  lef t -hand 
s i d e  of equation (11-14) as eva lua ted  f rom the  resu l t s  a t  any  two s t a t i o n s  
i-1 and i ,  and the  r ight-hand  s ide  obtained  f rom  the  average  skin fric- 
t i o n   c o e f f i c i e n t  and t r a n s p i r a t i o n  ra te  i n  effect  between i-1 and i 
would be  equal .  The amount of  imbalance i s  a check  degree  of  accuracy  of 
t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n .  
“ - 
w w  e 
i 
A corresponding  in tegra l  energy  equat ion  can  be  obta ined  by  in tegra t -  
ing equat ion (11-11)  across  the boundary layer  and t h e n  w i t h  r e s p e c t  t o  
x between x and  x i-1 i’ 
(11-23) 
where $J, t he   i n t eg ra l   en tha lpy   t h i ckness ,  i s  defined as,  
(11-24) 
The l e f t  and r i g h t  s i d e s  of  equation  (11-23), COG1 and COG2,  r e s p e c t i v e l y ,  
are a l s o  p r i n t e d  as an  ind ica t ion  of  the  accuracy  of  the  numer ica l  in te -  
g r a t i o n  of  equation (11-15). 
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I n i t i a l i z a t i o n  
I n  o r d e r  t o  compute a solution  of  equations  (11-14)  and  (11-15) it i s  
n e c e s s a r y  t o  p r e s c r i b e  t h e  v e l o c i t y  a n d  t o t a l  e n t h a l p y  p r o f i l e s  at t h e  
f irst  x s ta t ion .   Al though one may r e a d   i n   t h e s e   p r o f i l e s  as i n p u t   d a t a ,  
o f t e n  t h e y  a r e  n o t  r e a d i l y  known. What i s  l i k e l y  t o  b e  known i s  t h e  n a t u r e  
of  the  condi t ions  under  which  the  boundary  layer  deve loped  in  some region 
b e f o r e   t h e   i n i t i a l  x s t a t i o n .  
The d i f f i c u l t y  h e r e ,  which i s  not  encountered in  an incompressible  
flow, i s  tha t  s imi l a r i t y  so lu t ions  have  no t  been  found  fo r  t he  gene ra l  
ca se  o r  compress ib l e  ( l amina r  o r  t u rbu len t )  f l ows  wi th  hea t  t r ans fe r .  
The re fo re ,  fo r  t he  p re sen t  pu rpose ,  a method of approximating these 
i n i t i a l  p r o f i l e s  h a s  b e e n  p r o v i d e d  which g i v e s  a d e q u a t e  r e s u l t s  f o r  more 
general  cases and r educes  to  the  exac t  so lu t ions  fo r  i ncompress ib l e  f lows .  
I f  more g e n e r a l  s i m i l a r i t y  s o l u t i o n s  become a v a i l a b l e  t h e y  c o u l d  b e  i n -  
cluded a t  a l a t e r  time. The  two classes of a p p r o x i m a t e  s t a r t i n g  s o l u t i o n s  
which have been provided are genera l iza t ions  of  the  Fa lkner -Skan  fami ly  of  
laminar wedge f lows  inc luding  the  f l a t  p l a t e  and the  s t agna t ion  po in t  f l ow 
and the   Clauser  [ l o ]  equi l ibr ium  fami ly   for   tu rbulen t   f lows .   Actua l ly ,  
most i n i t i a l  c o n d i t i o n s  of p r a c t i c a l  i n t e r e s t  c a n  b e  o b t a i n e d  a c c u r a t e l y  
u s i n g  t h e s e  s i m i l a r i t y  s o l u t i o n s .  The s o l u t i o n s  f o r  t h e  whole c l a s s  of 
laminar  f lows are  correct  s ince the f low in the immediate  neighborhood of  
the   forward   s tagnat ion   po in t  i s  both  laminar and incompressible .   Further-  
more ,  bo th  laminar  and  turbulen t  s imi la r i ty  so lu t ions  are exact  a t  zero 
p r e s s u r e  g r a d i a n t .  
The ca l cu la t ion  o f  t hese  similar s o l u t i o n s  r e q u i r e s  r e l a t i v e l y  :;vDle 
approximate specialization of equations (11-14),  (11-15) and  (11-16). 
1 4  
Approximate laminar similari ty flow 
To begin  wi th ,  in  the  laminar ,  Fa lkner -Skan  case, it i s  convenient t o  
mul t ip ly   the   s imi la r i ty   vers ion   of   equa t ions   (11-14)  and  (11-15)  by R 
Then s e t t i n g  f i  = f = g i  = 0 t h e   r e s u l t  is 6*' 
X 
T* 1 ' + [ (Q* + R*) d(n-f)  - d - 
(Q* + R*) d' (Q-f) - (P*d + R  6*dx)  (2 - f ' )  - - R6* d] f '  pwvw 
'eu 6* 
+ (Q* + R*) d ' f  + P*(d-1) - (Q* + R*) Qd'  
pwvw 
+ Rg* 6*dx + -R *d'  = 0 
Pe" 6 
( 1 1 - 2 5 )  
i T* k - l M  2 2 e  H ( 1 + ~  k - 1  2~ (E  - 1) [ d 2 ( 1 - f ' ) 2 ] '  Me 
( 1 1 - 2 6 )  
where 
P* (k- 1) M e 2  (1 + 2 Me2) [l - Hg' - d 2 ( 1 - f 1 ) 2 ]  
R6* .6*dx = (11-27) 
1 + (k-1) Me2 d ( 1 - f ' )  
k-  1 
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and P* = 6*2Ux/vw, Q* = R6*(peU6*)x/(peU), R* = R * r  6*/rw, 
T* = TR6* = v(q)/v(w),  T * = T R and Ca i s  t h e   q u a n t i t y  2 (6*/rw) cos c1 
evaluated a t  x2**. 
wx 
g g 6* 
The parameters P*, Q* and R*  may b e   s p e c i f i e d   i n  two  ways. One is by 
assuming the  mains t ream ve loc i ty  d is t r ibu t ion ,  U(x) ,  and  d isp lacement  
th i ckness   &*(x ) ,   ( s ee  [ll] page  143) t o  be  of  the  form 
B 
l - B  
- = (  u (x) 2) and 
u L  L 
respec t ive ly .   ( I I -28a ,b)  
A value   o f  B = 0 i n  t h e  r e l a t i o n s  above  corresponds t o  f l a t  p l a t e   f l ow 
and B = 1 corresponds   to   s tagnat ion   f low.   In te rmedia te   va lues   o f  B 
r e p r e s e n t  wedge included  angles  of approximately 2~rB/  (B+1) ( r a d i a n s ) .  
For  cones B may a l s o  b e  r e l a t e d  t o  t h e  c o n e  i n c l u d e d  a n g l e ;  see, f o r  
example,  Reference [12]  page  428.  The parameters   needed  to   solve  equa-  
t i o n  (11-25)  and  (11-26)  can eas i ly  be  shown t o  b e  
P* = C ~ R ~ B  , ( I I -29a)  
Q* = C 2 R L  [ B(1-M e 2, + 92 (1-B)] , 
R* = C ' R ~  L rw /rw , 
X 
(II-29b) 
( I   I - 2 9 ~ )  
where R = ULL/um and C i s  determined i n   t h e . c o u r s e   o f   s o l u t i o n  s o  t h a t  
f ( a )  = 1. Thus, RL,  B ,  and L rw  /rw s p e c i f y   t h e   s t a r t i n g   c o n d i t i o n .  
L 
X 
**With the  except ion  of  the  limit case of  axisymmetr ic  s tagnat ion point  
f l o w ,  e x a c t  s i m i l a r i t y  s o l u t i o n s  d o  n o t  e x i s t  a t  t h e  v e r t e x  of cones;  where 
6*/rw i s  s ingu la r ,   t he   ex t en t   o f   t he   exc luded   r eg ion   i nc reases  as t h e  
angle  of  the  cone  decreases.  However, the   p rocedure  recommended h e r e  i s  
p r o b a b l y  s u f f i c i e n t  t o  g i v e  good accuracy downstream of the vertex. 
16 
. . 
The o the r  method of de te rmining  these  parameters  i s  t o  s p e c i f y  P*,  
R*, U6*/v and (v,/U) R6*. Then equation  (11-25) may b e   i n t e g r a t e d  
a c r o s s   t h e   l a y e r  and t h e   r e s u l t   s o l v e d   f o r  Q*. I n   t h i s   c a s e  Q is 
e v a l u a t e d  i t e r a t i v e l y  i n  t h e  c o u r s e  o f  o b t a i n i n g  a s o l u t i o n  as descr ibed  
i n  S e c t i o n  111. The  form  of t h i s  i n t e g r a l  i s  given below in conjunct ion 
w i t h  t h e  t u r b u l e n t  c a s e .  
17 
Approximate  turbulen t  s imi la r i ty  f low 
I n  t h e  case of incompress ib le  equi l ibr ium turbulen t  f low,  it i s  known 
t h a t  (U - u)/(yU) 5 f; (yy/&*) is i n v a r i a n t   w i t h  x, i n  which case (see 
Reference [ 41 ) , 
&*YX 
6*fx = - Y n f '  > 
6 Yx 
* 
S * f i  = y (nf" + f ' )  , 
(11-30a) 
(11-30b) 
where y = Jc,/z. 
I t  i s  r e a s o n a b l e  t o  make t h e  same assumpt ion  for  fi (yy/6*) = (peU-  pu)/peuT 
. -  
and  furthermore t o  assume gk t o   b e  of the  form g; (yy/6*) = [peuT(hi-hE)]/qw 
so  t h a t  
6*S 
t rX 




F ina l ly ,   t he   exac t   exp res s ion  f o r  6*dx obtained  from  (11-16) i s  
P(k -1 )  Me2 (1  + 2 k-l M ') [ (1 - Hg') - d 2 ( 1 - f ' )  2 ]  
6*d = e 
X 1 + (k-1)  Me2 d ( l - f 1 ) 2  
(k-1) M e 2  d 2  ( 1 - f ' )  6*f; - ( 1 + - k-l 2, H6*g; 2 Me -+ (11-32) 
1 + (k-1) M e 2  d ( 1 - f ' )  
In   constant   property  f low  the  factor   6*yx/y  can  be  obtained  f rom 
the  sk in  f r ic t ion  equat ion  for  equi l ibr ium f low (see  Reference  [SI), 
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(11-33) 
Assuming t h i s  r e l a t i o n  t o  b e  a p p r o x i m a t e l y  v a l i d  for var i ab le  p rope r ty  
f lows  y i e lds  
(11-34) 
where 
Furthermore,  the Stanton number equat ion for  constant  property f low,  which 
corresponds t o  (11-33), is  of  the  form 
" + %(8)  + Bh ' 
IC 
m 
Again t a k i n g  t h i s  r e l a t i o n  f o r  v a r i b b l e  p r o p e r t y  f l o w  y i e l d s ,  
(11-37) 




+ (Q + R) d ' f  + P(d-1) - (Q + R) Qd' + 6*dx + - d '  = 0 , (11-38) 
and 
(11-39) 
I t  s t i l l  remains to   spec i fy   the   parameters  P and Q. P can  be 
p re sc r ibed   i n  two  ways. One is t o  s e t  B = (6*/-rX) (dp/dx)  from  which 
p = -  (Cf/2)B.  (11-40) 
This is qu i t e  s a t i s f ac to ry  excep t  fo r  i n i t i a l  equ i l ib r ium boundary  l aye r s  
near  separa t ion .  In  tha t  case, another  approach is necessary  s ince 
B -+ and Cf + 0, making equation  (11-40)  impractical   for  numerical  
computation. However, as is shown in  Reference [SI, P i s  well  behaved 
near   separat ion and approaches  the limit P = -0.00948 in   incompressible  
flow as B * m. This limit is virtually  independent  of  Reynolds number. 
Therefore ,   for   large  values   of  8,  i f  P is f ixed,   the   solut ion  converges 
r ap id ly  . 
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As i n  t h e  l a m i n a r  case, Q can  be  obtained from the in t eg ra l  o f  
equation  (11-38)  across  the  layer.  In both  laminar and turbulent   f low 
the   resu l t ing   express ion   for  Q is 
cf - +  
2 
[Rd' (n-f) - (Pd + 6*dx) ( 2 - f ' )  - ... 
[Rd'f + P(d-1) - RQd' + 6*dx + (PwVw/Peu) ... . - 
(11-41) 
where 
P(k-1) - Me2 (1 + 2 k-l M e 2,  [l - Hg' - d 2 ( 1 - f ' ) 2 ]  
6*d = "~ 
X 1 + (k-1) Me d (1 - f ' )  2 
"XX 
(k-1) Me2 d2(1-f ' )  - ( f '  + Qf") 
1 + 
1 + (k-1) Me2 d ( l - f 1 ) 2  
1 + (k-1) Me2 d ( l - f 1 ) 2  
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(11-42) 
For laminar flow P = P*, R = R* and y = 6*yx/y = B*S 
whereas i n   t u r b u l e n t  flow P = P,  R = R, y = J Cf;2 and B*y /y and 
6*St rx /St r   a re   g iven   by   equat ions  (11-34) and (11-37) r e s p e c t i v e l y .  
..,  .., ., t r x / S t r  = 
” 
.., - .., -x .., 
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I I I .  NUMERICAL METHOD 
Equations  (11-14)  and  (11-15)  which  describe  the  boundary  layer  flow, 
are n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  p a r a b o l i c  i n  t h e  f l o w  d i r e c -  
t i on .  The re  are two phases of the procedure of obtaining a s o l u t i o n  t o  
t h e s e  e q u a t i o n s .  The first phase is t h e  c o n v e r s i o n  t o  o r d i n a r y  d i f f e r e n -  
t i a l  e q u a t i o n s   u s i n g   f i n i t e   d i f f e r e n c e s   f o r   t h e  x d e r i v a t i v e s .  The 
second phase is t h e  method or  s o l u t i o n  o f  t h e  r e s u l t i n g  o r d i n a r y  d i f f e r -  
e n t i a l  e q u a t i o n s .  
Reduction t o  Ordinary  Dif fe ren t ia l  Equat ions  
In   t he  f irst  phase ,   t he  x d e r i v a t i v e s  are r ep resen ted  by f i n i t e  
d i f f e r e n c e s  i n  t h e  x d i rec t ion   accord ing   to   an   adapta t ion   of   the   Crank-  
Nicholson  [13]  scheme.  This  method i s  o f   t h e   i m p l i c i t   t y p e .   I t  i s  always 
s t a b l e  and t h e  e r r o r  i s  of  second order  in  the x s t e p  s ize .  
The development of t he  d i f f e rence  equa t ions  i s  most c l ea r ly  po r t r ayed  
i n  t h r e e  s t e p s .  The f irst  s t e p  i s  t o  write equations  (11-14) and  (11-15) 
i n  terms of   average  funct ions a t  a point   halfway  between  the x p o s i t i o n  




1h (k-l)Me T 
H [ 1  + % (k-1)Me2] ( < - ) [d2(1-f')2] ' I I' 
+ { ((2 + i i )  ( l l - Z ' )  - (PW;,/Pev) - 6 *f ) ,I' = (1-Z') "*g; . (111-2) 
Then using the relations 
= V2(f; + f;-l), etc.  (111-3) 
Equations (111-1) and  (111-2) can be wri t ten in  terms of functions at 
positions x and x as fol lows i-1 i 
'C! = - T' + (f" + f!' ) + C2(fj  + f '  ) + 2c3 - 2E ( f '  - f j - l ) ,  
1 i-1 1 i 1-1 i-1 4 i  
(111-4) 
(111-5) g! = - g! + c (g" + g'! ) - 2c8(g; - gf-l) , 
1 1-1 7 i 1-1 
where 
= - { (1 + Carl) T [f" - (d'/d) (1-f')]} ', i i (111-6a) 
T = c f" + c f ' .  + c - c (fi - f f - 2 )  , i-1 1 .  i-1 





c = cod , 1 
c2 = cod' - (Pd + d*dx) ( 2 - f ' )  
c = -  
3 codf + P (d-1) + 6*dx , 
c4 = d( l - f ' ) b* /Ax  , 
c7 = c o y  
c = (1-f1)8*/AX . 
8 
Fina l ly  the  fo rm in  which these  equat ions  a re  so lved  i s  
[b4( f f '  + b 5 ) ] i  = bg + b 2 i  f "  + b l f i  
[b4(g" + b 5 ) ]  = b3 + b g" + blgf , 
i 2 i  
w h e r e   t h e   c o e f f i c i e n t s   f o r   t h e  f' equa t ion   a r e  
b = E  1 2 4 - 2: + c4 9 i-1 















b 3 = (c.-ci 1) f" + (E +2c4-c2 ) f;-l + 2: - c3 - c f' 
1 -  i-1 2 3 4 i-2 ' (111-9c) i-1 
b4 = - [ (1 + Can) TIi  , (111-9d) 
b5 = - [ (d'/d)  (1-f')li , (111-9 1 
and for  the g' equation 
b = c  1 7 '  
b = - 2 ;  + C  2 8 'i-1 2 






H[1 + %(k-1) M 2] 
b 5 = - I  e 
e 
(111-lOd) 
For  the  similarity  starting f lows ,  the  corresponding  coefficients  of 
equation (I I I - 7) are 
b = c d' - (Pd+6*dx)  [2-f') - (1-f') (d-ndf) (6*xx/x), 1 0 ., (111-lla) 
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b = -  
3 C 0 d '  + P(d-1) ... + 6*dx , 
b = - (1 + Caq)T , 4 
b5 = - ( d ' / d ) ( l - f ' )  , 









b5 = - (k - 1) d ( 1 - f ' )   [ d ' ( l - f  ' )  - df"] , (111-12e) 
H j l + l / z  (?.-1)M 2 1  e 
The notat ion i s  as in   equat ion (11-41) and p v /p  U = R 6 , ( ~ w ~ w / ~ e U )  i n
laminar  flow and p,yw/peU = pwvw/peU in  turbulen t  f low.  
-w-w e 
Because equations  (111-1) and (111-2) are nonl inear ,  the  so lu t ion  is 
ca r r i ed   ou t   i t e r a t ive ly .  The coe f f i c i en t  b i s  evaluated  using  the  re- 
s u l t  of the previous i terat ion.  'The resu l t ing  l inear  equat ion  i s  then 
solved  for  f '  and g '  . 6* i s  adjusted so  t h a t  f (a) = 1 t o  some 
specified  accuracy and the  parameters P ,  Q ,  K and Ca are recalculated 
as a re   the   e f fec t ive   v i scos i ty   func t ions  , T and T Then the  cycle  be- 
gins  again. (To s ta r t  the  calculat ion a t  t he  new x s ta t ion ,   the   va lues  
of f '  and g '  from the  previous x s t a t i o n  and the  parameters P ,  Q ,  
R and Ca and the   e f fec t ive   v i scos i ty   func t ion  are calculated  based on an 
extrapolated  value  of 6*.)  
g '  
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Solu t ion  of  Ordinary  Dif fe ren t ia l  Equat ions  
Equations of t h e  form  (111-7) are solved by applying a Gaussian elimin- 
a t i o n  p r o c e d u r e  t o  t h e i r  c h a r a c t e r i s t i c  matrices (see for example p.  200 of 
Reference  [14]).  This  method i s  idea l ly  su i t ed  fo r  boundary  l aye r  equa -  
t ions because the problem of  matching spl i t  boundary condi t ions i s  overcome 
so  e f f o r t !   e s s l y .  
I n  o r d e r  t o  a p p l y  t h i s  method to   equat ion   (111-7) ,  f '  , f o r  example, 
must be transformed according t o  t h e  r e l a t i o n ,  
A 
f '  = f '  +I: b5dn . (111-13) 
In  terms of  th i s  var iab le  equat ion  (111-7)  is w r i t t e n ,  
A 
(b4f") I = b 2 f '  + bl;' + b3 - b2b5 - bl12 b5dq . A (111-14) 
Through the  use  of  re la t ions  such  as 
A 
(111-15) 
J j + l  J -  
equation  (111-14)  can  be  expressed as a se t  of simultaneous equations 
A A 
-a f !  + a f !  - a f' = a 
A 
3 j  ~ + l  2 j  J 1. j - 1  4 ' 
J j 
(111-16) 







A s o l u t i o n   f o r  2' can  then  be  ant ic ipated  in   the  form 
j 
f !  = v .  f '  + v . h A 
J J j + l  p j  
(111-18) 
I f  (111-18) i s  s u b s t i t u t e d   i n t o   ( 1 1 1 - 1 6 ) ,  V and V a re   found  to   be  
j 
a 3 
v, = j (111-19a) 
a + a l V  4 
a - a  V 
v =  j j P j - 1  
2 1 .  j - 1  
j 1 
(111-19b) 
The f irst  s t e p  of the  procedure is t o  c a l c u l a t e  t h e  f u n c t i o n s  V and 
V ac ross   t he   l aye r   beg inn ing  a t  t h e  wall. The wall boundary  conditions 
P 
29 
are s a t i s f i e d  a t  t h i s  time us ing  (111-13)  and  (111-18).  For t h e  momentum 
equat ion  the  boundary  condi t ion  is  
f'(X,O) = f ' (x ,O) = 1.0 
I\ 
which can be achieved by sett ing 
vw = 0 . 0  , 





For  the thermal  energy equat ion the boundary condi t ion with known wall 
e n t h a l p y  r a t i o  i s  
and the   cor responding   va lues   o f  V and V a r e  
P 
vw = 0 . 0  , 
V = [h"-h"  (X)] / (hl-hr) . 




The boundary  condi t ion  for  known Stanton number i s  
g"(x,O) = g^"(x,O) - b ( 0 )  = - S (X)  d(x,O)/T  (x,O),  (111-24) 5 tr g 
so  t h a t   i n   t h i s  case V and V are given  by 
P 





The  complete f '  o r   g '   s o l u t i o n  i s  then  obtained  from a combination 
of  equations  (111-13)  and  (111-18), 
The ca lcu la t ions  begin  wi th  the  f rees t ream boundary  condi t ions ,  f ' (x ,w)  = 
g'(x,m) = 0.0,  and  proceed  back  from  there t o  t h e  wall. 
I V .  COMPUTER PROGRAM 
Program  Not a t  i on  
Insofar  as i s  p o s s i b l e  t h e  v a r i a b l e  names i n  t h e  s u b r o u t i n e s  are t h e  
same as t h o s e  i n  t h e  main  program. I t  should  be  noted,  however,   that  some 
v a r i a b l e s  which a r e  s u b s c r i p t e d  i n  t h e  main program a r e  n o t  s u b s c r i p t e d  i n  
t h e  s u b r o u t i n e s  a l t h o u g h  t h e y  a r e  r e f e r r e d  t o  b y  t h e  same names. 
A l . .  .A4 Parameters in   t he   Gauss i an   e l imina t ion  method  given i n  
Sec t ion  111, [a] . 
B 3  (K) Dynamic s t o r a g e   i n  $ F I L E .  
B ( J , K )  Coe f f i c i en t s   i nequa t ions   (111-7 ,8 ) ,  B ( J , K )  = b (q ) .  K J  
LiK - - 0 .016 ,   C lause r   cons t an t   fo r   ou te r   po r t ion   o f  e f f ec t ive  
v i s c o s i t y ,  [K]. 
B O . .  . B5 Dynamic s t o r a g e   l o c a t i o n s .  
BS I n p u t   f o r   i n i t i a l   p r e s s u r e   g r a d i e n t   d e s c r i b e d   i n   S e c t i o n  V ,  
[BI * 
C Cons tan t   in   equa t ion   (11-28b)   for   l aminar   s imi la r i ty   so lu-  
t i o n ,  [ C ] .  
CA -  2(6*/rw)  cos a ,  [Ca] . 
C A 1  = (2 / r2)   cos  a .  
CF -  ~ , / ( / 2 p , U ~ ) ,  1. s k i n   f r i c t i o n   c o e f f i c i e n t .  
Cli  I - 
. .. ” 
- K ( Y & / ~ / v  + y ; ) ,  coordinate  normal t o  wall u s e d   i n   e f f e c t i v e  
v i s c o s i t y  h y p o t h e s i s ,  [x] . 
CHI3 = x3. 
C MU Parameter  in  equation  (11-34),  [ C  1 .  
U 






















cos cy, cosine  of  angle of  nose of  a x i s y m e t r i c  body. 1' 
2+iJ Z + i i  
(9rwp,U 1 i/ (OrwPe'J 1 i- 1 s  lef t -hand  s ide  of   equat ion  (11-21) .  
X 
exp {r (c f /2  + p v  /peU) d(x/8) 1 ,  r igh t -hand   s ide  of 
xi- 1 w w  
equation  (11-21). 
(w-,PeU> i /  ($r,peU> i-1, l e f t -hand   s ide  of equat ion (11-23) .  
r ight-hand s ide of  equat ion (11-23) .  
Longi tudinal  wall c u r v a t u r e  i n  t h e  same u n i t s  as X ,  [cw]. 
Coef f i c i en t s  g iven  by equations (111-6),  [ c  o...c8]. 
p / p ,  d e n s i t y  r a t i o ,  [d l .  
e 
(Pe/P) i- 1 d e n s i t y  r a t i o  a t  previous X s t a t i o n ,  a l s o  u s e d  i n  
s t a r t i n g   f l o w   c a l c u l a t i o n   t o   s t o r e   6 * d x .  
6*dx. 
Number o f  d i v i s i o n s  o f  i n p u t  p r o f i l e  s p a c i n g  i n  f l o a t i n g  
point  form.  
Option number f o r  i n p u t  d a t a ,  s e e  T a b l e  l b  i n  S e c t i o n  V .  
1; (pes - pu)/peU(r/rw)dy,  displacement  thickness  in  the 
same u n i t s  as X ,  [ & * I .  
' / z  (6; + Si - , ) ,   i n t e rmed ia t e   va lue  of 6*,  [a*] .  
Value of  displacement  thickness  before  displacement  thickness  
i s  a l t e r e d  t o  conform t o  i n t e g r a l  momentum equat ion.  
dd*/dx. 
' 2 [  ( d S * / d ~ ) ~  + (d6*/dx)i- l ] ,  in termediate  value of  DTX, [z;]. 
" - - 
x.  - x 
1 
x s t e p  s i z e .  i- 1' 
y s t e p  s i z e  i n  d i f f e r e n c e  e q u a t i o n s .  
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Value of f '  a t  which   ca lcu la t ion  of  p r o f i l e   s t o p s ,  [f:]. 
f ( m >  - 
Device  used t o   s e n s e  las t  X s t a t i o n   i n p u t   c a r d .  
(peU - pu)/peU, v e l o c i t y  d e f e c t  p r o f i l e ,  [ f ' J .  
Known f '  p r o f i l e  a t  previous X s t a t i o n ,  [fib]. 
Ve loc i ty  de fec t  g rad ien t  at wall, [fl)] . 
JT / p e u 2 ,  r a t i o  o f  f r i c t i o n  v e l o c i t y  t o  f r e e s t r e a m  v e l o c i t y ,  
. . 
W 
y 6*/y, s h e a r  stress g r a d i e n t  p a r a m e t e r  i n  s t a r t i n g  s o l u t i o n  
X 
(11-34). 
The wall boundary condition on the  ene rgy  equa t ion ,  e i the r  
g: 
= (11: - h w ) / ( h i  - h ) o r  gl) = -qw6*/p L, ( h i  - 11 ) . r w egw r 
(h: - ho) / (hL  - h ) , t o t a l  e n t h a l p y  defect p r o f i l e ,  [g '  3 .  r 
(h" - hw) / (h: - l lr)  , va lue  of g ' a t  t h e  wall, [g;] . 
(idi + Hi-l ) / 2 ,  average shape factor .  
I, pu(h1 - h")/[peG(h: - l l r ) ]   ( r / rw)dy ,   t o t a l   en tha lpy  
t h i c k n e s s   i n   t h e  same u n i t s  as X ,  [$I .  
w - -  
Index  of   unct ions  of  X f o r   p r e s e n t   c a l c u l a t i o n .  
1-1, index  of  unctions  of X f o r   p r e v i o u s   c a l c u l a t i o n .  
Index  cont ro l l ing  mode of  spec i fy ing  wall boundary condi t ions 
on energy  equat ion ,  see  Table  l a  i n  S e c t i o n  V .  
Dimension  of a l l  func t ions   o f  X.  
Input  parameter  designated f low inside (IO = - 1 )  o r  o u t s i d e  
(IO = 1) of an axisymmetric body. 







J D  
J D I V  
J E  
J E F  
J E G  
J E M  = 
J E P  
J F ,  J L  
-  
J K  
J LP 
JM 
J P  
JY 







Index  of first X s t a t i o n   f o r  which U # 0 .  
T o t a l  number of X s t a t i o n   c a l c u l a t i o n s   r e a d   i n  (IX I ID). 
T o t a l  number o f  X s t a t i o n   c a l c u l a t i o n s   a c t u a l l y   p e r f o r m e d .  
Inclex of f irst  X s t a t i o n   c a l c u l a t i o n  moving  downstream. 
Index of functions of rl . 
Dimension  of a l l  funct ions  of  n. 
Number o f  subd iv i s ions  o f  i npu t  p ro f i l e  va lues .  
J E F  o r  J E G ,  whichever i s  l a r g e r .  
Index of l a s t  c a l c u l a t e d  f '  p r o f i l e   v a l u e .  
Index of l as t  c a l c u l a t e d   g '   p r o f i l e   v a l u e .  
J E  - 1. 
J E  + 1. 
Indices  of  f i r s t  and las t  p o i n t s  i n  e a c h  s u b d i v i s i o n  o f  t h e  
i n p u t  p r o f i l e .  
Index of t h e  p o i n t  a t  w h i c h  t h e  o u t e r  e f f e c t i v e  v i s c o s i t y  
reaches a cons tan t  va lue  ( see  F igure  2 ) .  
J L  + 1. 
J - 1. 
J + 1. 
Index   of   l a rges t  rl v a l u e   r e a d   i n  (JY 5 JD). 
J Y  - 1. 
Number of i t e r a t i o n s   u s e d   t o   c a l c u l a t e  T and 7 from  input 
prof  i l e s  . 
Maximum number of c o m p l e t e  i t e r a t i o n s  a l l o w e d  t o  c a l c u l a t e  
a p r o f i l e .  
S t o r a g e  f o r  t h e  l a b e l  which  appears on a l l  o u t p u t .  
Index of i t e r a t i o n s  t o  c a l c u l a t e  p r o f i l e s ,  whose maximum 
va lue  is  KMI. 




















Freestream Mach number, [Me] . 
Freestream Mach number a t  X = L,  [ML]. 
Option number c o n t r o l l i n g  t h e  mode of c a l c u l a t i n g  t h e  t h e r m a l  
energy, see Table l a  i n  S e c t i o n  V .  
Reference freestream Mach number. 
1" p;(U - ;)/p i j 2 ( r / r  )dy ,  momentum t h i c k n e s s  i n  t h e  same u n i t s  
as X ,  [ e ] .  
Lgw/[p v ( h l  - h ) ]  , the  Nusse t t  number. 
F loa t ing  poin t  va lue  of  IO. 
6*Ux/U,  parameter   in   equat ion  (11-14) ,  [ P I .  
P e W 
e g" W 
Value  of P a t  previous X s t a t i o n .  
1/2(P + PB) , in te rmedia te  va lue  of  P ,  [F] . 
Molecular Prandtl number, [P,] . 
Turbulent  Prandt l  nwnber , [Prt ]  . 
(p US*) /p U, parameter   in   equat ion  (11-14) ,  [ Q ] .  
e x e  
'.2(Q + QB) , intermediate   value  of  Q, [GI.  
0 + E. 
r 6*/rw,   parameter   in   equat ion  (11-14) .  
W 
X 
Value  of R a t  previous X s t a t i o n .  
RS*, = 0 ( l amina r   s t a r t i ng   f l ow) ;  = 1 ( t u r b u l e n t  s t a r t i n g  f l o w ) .  
US*/vw, Reynolds number based on displacement thickness. 
UL/vw, Reynolds  number  used i n  l a m i n a r  s i m i l a r i t y  s o l u t i o n .  
' 2  (R + RB) , in te rmedia te  va lue  of  R ,  [E] . 
Radius of s u r f a c e  body i n  t h e  same u n i t s  as X ,  [rw]. 
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6* /0 .  
Cp/Cvy s p e c i f i c  h e a t  r a t i o ,  [k] .  
(6.9) 3 ,  empi r i ca l  cons t an t  i n  t h e  effect ive v i s c o s i t y  f o r  
t h e  wall l a y e r .  
0.41, von Karman c o n s t a n t  i n  e m p i r i c a l  e f f e c t i v e  v i s c o s i t y .  
qw/[peU ( h l  - hw)]  S tan ton  number based  on  f r ees t r eam to  
wall en tha lpy  d i f f e rence ,  [S t ] .  
Constant  Sc in   deg rees   Ke lv in   u sed   i n   t he   Su the r l and  
v i scos i ty   fo rmula ,  (11-18). 
q,/PeU(hg - hr) , Stanton number based on f r e e s t r e a m  t o  
re ference  en tha lpy  d i f fe rence ,  IS t r ]  - 
s 6*/Str,  Stanton number g r a d i e n t   p a r a m e t e r   i n   s t a r t i n g  
rx 
s o l u t i o n  (11-37). 
Nikuradse  [15]  sand  gra in  roughness  sca le  in  the  same u n i t s  
as x, [S,l - 
?/peU2,  nond imens iona l  l oca l  shea r  s t r e s s .  
1 + '2(k - 1)Me2. 
1 + ' z (k  - 1)Mr2. 
Frees t ream to ta l  t empera ture  in  degrees  Kelv in .  
Input  parameter  which indicates  what p ropor t ion  (0.0 5 TURB 
5 1 . 0 )  o f  e f f e c t i v e  v i s c o s i t y  is laminar and what p a r t  
t u r b u l e n t ,  [TI. 
Frees t ream  ve loc i ty  a t  each X s t a t i o n ;   a r b i t r a r y   d i m e n s i o n a l  
u n i t s ,  [U]  . 
u/uT, "law of t h e  wall" v e l o c i t y .  
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VE Nondimensional effect ive v i s c o s i t y   ( I I - l 7 a ) ,  [TI .  
VEG Nondimensional effective conduc t iv i ty   ( I I - l7b ) ,  [T 1.  















( ) P  
( )W 
p v /p  U, i n  t u r b u l e n t  f l o w  and  (pWvw/peU)Rd*, i n  l a m i n a r  
f low (see Table  lb)  . w w  e 
Value  of T i n   o u t e r   p a r t   o f   t u r b u l e n t   l a y e r .  
T r a n s p i r a t i o n  v e l o c i t y  i n  t h e  same u n i t s  as U which may 
be  dens i ty  weighted  as expla ined  in  Table  lb .  
Input   values   of  x at  which c a l c u l a t i o n s   a r e   t o   b e   p e r f o r m e d ;  
a r b i t r a r y  d i m e n s i o n a l  u n i t s ,  [ x ]  . 
Convergence cr i ter ia  spec i fy ing  m a x i m u m  a l lowab le  va r i a t ion  
b e t w e e n  r e s u l t s  o f  c o n s e c u t i v e  i t e r a t i o n s .  
y/6*  independent   var iable   normal   to   the wall, [q] .  
E m p i r i c a l  e f f e c t i v e  r o u g h n e s s  s c a l e  i n  law o f  t h e  wall form, 
[YZI * 
y / 6 * ,  in  un t ransformed coord ina tes ,  see equation  (11-7b). 
p J v ,  i n d e p e n d e n t  v a r i a b l e  i n  If  law of  the  wall" region.  
Very small  constant .  
Naming Conventions 
Var iab le  a t  previous X s t a t i o n ,  [ (  ),I. 
Function  of q ' eva lua ted  a t  freestream. 
D e r i v a t i v e   w i t h   r e s p e c t   t o  r), [ (  ) ' I .  
Function  of q e v a l u a t e d  a t  wall, [ ( ),I . 
Function  of q evaluated a t  q 
Denotes  subrout ine of the program. 
j + l '  
The r e l a t i v e   l o c a t i o n s  of t h e  X and Y i n d i c e s  are i l l u s t r a t e d   i n  
Figure 3. 
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X ( F X F = 2 )  
I 
a . )  Re la t ive  Pos i t i ons  of X Ind ices  f o r  a l l  Cases 
Except Option 4 of Sec t ion  V. 
b.)  R e l a t i v e  P o s i t i o n s  of X Indices   for   Opt ion  4 
of Sec t ion  V. 
U 
Y 
c . )  R e l a t i v e  P o s i t i o n s  of  Y Indices   for   Turbulen t  Flow. 
In Laminar Flow, Since U = U ,  J K  i s  A r b i t r a r i l y  
Se t  Equa l  t o  J E .  e 
Figure 3 .  I l l u s t r a t i o n s  of  Meaning of Ind ices  Used i n  
X and Y Notat ion.  
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Main Program 
The p r o g r a m  d i v i d e s  n a t u r a l l y  i n t o  two p a r t s ,  as is r e f l e c t e d  i n  
the  f low char t  shown i n  F i g u r e  4 . The f irst  p a r t  is concerned  with 
t h e  p r e p a r a t i o n  o f  a n  a p p r o p r i a t e  f l ( n )  and g l ( q )  p r o f i l e s  and  assoc ia ted  
p a r a m e t e r s  f o r  t h e  i n i t i a l  x s t a t i o n .  The s e c o n d  h a l f  c a r r i e s  t h e  
computation  forward t o  s u c c e s s i v e  x s t a t i o n s .  Many of  the  computa t iona l  
p a t t e r n s  are similar i n  t h e  two p a r t s  and it  might seem tha t  t h e  two 
could   be   e f f ic ien t ly   combined .  However, t h e   d i f f e r e n c e s  are fundamental 
enough so t h a t  t h e  c a u s e  o f  c l a r i t y  i s  b e s t  s e r v e d  by keeping them 
s e p a r a t e  . 
The f irst  few i n s t r u c t i o n s  r e a d  i n  a l l  o f  t h e  i n p u t  d a t a  r e q u i r e d .  
The appropr i a t e  fo rma t s  fo r  t he  da t a  and the requirements  on t h e  i n p u t s  
a r e  t r e a t e d  i n  S e c t i o n  V .  N e x t ,  t h e  r e l a t e d  p r o f i l e s  f ( q ) ,  f " (q ) ,   g (q ) ,  
g"(rl) and ~ ( r l )  a r e   ca l cu la t ed   f rom  the   i npu t   f ' ( q )   and  ,g'(rl). Then a l l  
o f  t he  inpu t  i n fo rma t ion  and r e l a t e d  p r o f i l e s  a r e  p r i n t e d  o u t  f o r  
r e f e r e n c e .  I f  an   approximate   s imi la r f ty   so lu t ion  is  t o   b e   u s e d   t o  s ta r t  
the  boundary  l aye r ,  t he  inpu t  p ro f i l e s  are merely a rough  guess .  In  th i s  
c a s e ,  t h e  p r o g r a m  r e c a l c u l a t e s  t h e  i n i t i a l  p r o f i l e s  i n  t h e  i t e r a t i v e  l o o p  
which fo l lows .  If  t h e  i n p u t  p r o f i l e s  a r e  t o  b e  u s e d  as they  are this 
r e c a l c u l a t i o n  i s  n o t   p e r f o r m e d .   F i n a l l y ,   i n   e i t h e r   c a s e ,   s e v e r a l   o t h e r  
i n i t i a l  p a r a m e t e r s  a r e  c a l c u l a t e d  a n d  t h e  i n i t i a l  p r o f i l e s  and parameters 
a r e  p r i n t e d  o u t  i n  t h e i r  f i n a l  f o r m .  T h i s  i s  t h e  e n d  o f  t h e  i n i t i a l i z a t i o n  
por t ion  of  the  program.  
The forward motion par t  of  the program consis ts  of  a loop which cycles 
for  each  x s t a t i o n  c a l c u l a t i o n .  The loop  begins  by  moving  the known 
p r o f i l e  i n t o  s t o r a g e  f o r  t h e  p r o f i l e  a t  t h e  x s f a t i o n  b e f o r e  t h e  o n e  t o  b e  
c a l c u l a t e d .  Then the  input  boundary  condi t ions  are p r i n t e d  o u t  fo r  r e f e r e n c e .  
This is  f o l l o w e d  b y  t h e  i t e r a t i v e  l o o p  t o  c a l c u l a t e  a new set  of p r o f i l e s  
a t  t h e  x s t a t i o n .  W i t h i n  t h i s  l o o p ,  t h e r e  i s  a n  i n n e r  l o o p  t o  i t e r a t e  f o r  
t h e  f '  p r o f i l e .  When these   ca lcu la t ions   have   converged   in tegra l   parameters  
f o r  t h a t  p o s i t i o n  are c a l c u l a t e d  a n d  t h e  i n t e g r a l  t e s t  for  accuracy  i s  
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p r i n t e d  o u t .  T h i s  p r o c e s s  c o n t i n u e s  u n t i l  p r o f i l e s  h a v e  b e e n  c a l c u l a t e d  
a t  a l l  x s t a t i o n s .  F i n a l l y ,  f o r  convenience, a sumary   of   the   parameters  
of  the  f low is  p r i n t e d  o u t .  
A l i s t i n g  of the  program  follows. The numbers in  pa ren theses  a long  
t h e  r i g h t - h a n d  m a r g i n  o f  t h e  l i s t i n g  r e f e r  t o  e q u a t i o n  numbers i n  
Sect ions I1 and 111. 
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F i g u r e   4 a .  Flow Chart  f o r  t h e   I n i t i a l i z a t i o n   S c c t i o n  of 
t h e  J a i n  P r o g r a m .  
e ;  
I 1 
I 
-Figure 4b. Flow Chart f o r  t he  Forward Motion Section of 
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1 P 8 
112  
1 1 3  
1 1 4  
1 1 5  
1 2.2 
1 2 2  
1 2 3  
01-10 
R=b.r: 
C A='l. U sc-1. 0 
1=1 
0 ) * F V * F V  




2 x 8  






3 4 9  
J H = 1  
J Y I J = J Y - 1  
DO 3 4 C  J=1, J Y  PI 
P P P  J ) = ( F P ( J + 1 ) - F P ( J t l ) ) / ( Y ( J + 1 ) - Y ( J H ) )  
J n=J 
( J )  ) *SORT ( 1 . + C A * Y  (J) ) 
P P P  J Y  = 3 0  0 
TAU I J Y l = 3  .O 
(111-12)  

N U H E E R  AT X = 1PE9.2, 4H IS , 
C **** PBIlT PROrILES A N D  PARAHETERS WITH $FILE **** 
CALL P f ~ g ' t k Z i E E L ,  I Y Y  P I  PPI PPP.  SP, GPP, D DP, 
WRITE 
1 V H ,  VHP, VHFP, TbU, $E, VEG S H R ,  BH, PR, PRt ,  
2 X U, t¶, T U F B  RW V U  SU 6 U  
3 R ~ T ,  DT n r ,  k~ SF, EF, ST, STR, I D ,  JE, JY, JD, JDIV) 
IF IX-I. ~ f . a )  S T O ~  
c x=d. o 
DO 480 J=1, J Y  
PB J) =F J) 
E F B J i i  =GP IJj 





k **** ZND OF INITIALIZATICN, B E G I N N I N G  OF FORWARD HOTION I N  x 
C - c 
c *** 
DO 899 I - I X F ,  
:* NOVE FP, GP I XA= I 
DO 510 J=1, JY 
P B B  ( J )   = P B  (5) 
PB (J) =F (J)  
FPBB J) =PPB (J) 
PPB (J) = F P   ( J )  
FPPB J =FPP J 
GPPB J =GPP J 
gEijJ1 
DPB ! l=D(J)  ) = D P ( J )  
J E B = J E  
CAB=CA 
G.J.i =GPB 1.1 
51~)  CON4INUE 
IX 
A N D  D BACK TO HOVE FORYARD 
RB=R 
PB=P 
I B = I - 1  
C XB=DX 
'B/DB ( 1  ) 














g k  **** 
(11-16) 




C **** CALCULATE TAU e***: 
J Y F J Y - 1  
J fl=1 
CO 660 J=1, J Y H  




c **** P R I N T  ouT I % f R H F t I A + E  F h  P A R A ~ E ~ I E R S  A N D  VARIABLE 
c ***+ TEST FOR ~ ~ A T A L  E R R O R  **** 
J D  Y F P  5.C F 
82 FORMAT (!X l H F ,   2 ( i X ,  13) # f ’ ( 1 X ,   l b k 9 . 2 ) )  
WRITE ( 6  8 2 )  J K 8  JEF, F ( J E E )   F P P   ( 1  D T ( 1 )  # DTXH, 
IF ( F ( J E F  .LT.i’.C.CR.F JEP).GT.lg.O GO TO 921 
C a**+ TEST F A h D  F F F  FOK COJVERGENCE ?** I 
C *e** E N D  OF  INNER  JOOP TO CALCULATE PP PROFILE *e** 
C **:*:JI SPT B0UNDP.F .Y  CONDITIONS O N  ZP O R  GEE **** 758:; CONTINUF 
I B C = I A B S  (HOP 
50  T O   8 ? . C 8 7 k 1   , 7 5 2 )  , I E C  
751  CONTINJE 






G e i  I )  = G x  ( I )  
G P P d = G P P   ( 1  
G O  TO 753 
S T 3   ( I )  =-GPLW/D ( 1 )  *:VEG ( 1 )  
752 CONTINUE 
***:* CALCULATE GP COFPFICENTS A N D  CALL  BPROFYL FOR GP 
1 GP,  V H  VHP, V H F F )  
CF.LL PEOFYL ( J E S ,  J Y ,  J E ,  Y, B ,  ET, GPU ( I ) ,  GPPW, G F E ,  
JM=l 
J Z = M A X C  ( J ~ F , J F G )  
(111-6) 
(111-10) 
I B C ,  





Descr ip t ion  of  the  Subrout ines  
- Subrout ine  VIS c a l c u l a t e s   t h e   e f f e c t i v e   v i s c o s i t y  and e f f e c t i v e  con- 
d u c t i v i t y  i n  terms o f  t h e  l o c a l  f l o w  v a r i a b l e s .  The e n t i r e  e f f e c t i v e  v i s -  
cos i ty  hypo thes i s  fo r  t u rbu len t  f l ow i s  c o n t a i n e d  i n  t h i s  s u b r o u t i n e  s o  
that changes can be made w i t h o u t  a f f e c t i n g  t h e  main program. 
In  laminar  f low T i s  merely  v(n)/US* and Tg i s  v(n)/UB*Pr. In 
turbulent  f low given by 
and 
(IV-la) 
(IV- l b  j 
where X = K Y  &(q)/p(q)/LJ&; + ys/Si .  The  form  of  the  functions and 
i s  shown i n  F i g u r e  2 .  A more  complete   discussion  of   this   hypothesis  i s  
g iven  in  Reference  [ 21 . 
- -. .. ". " 
A f u n c t i o n a l  method o f  s i m u l a t i n g  t h e  e f f e c t s  o f  wall roughness  in  
turbulen t   f low i s  provided  which i s  completely  contained  in  $VIS. Essen- 
t i a l l y ,  t h i s  method c o n s i s t s  o f  beginning  the  ca lcu la t ion  ( y  = 0) a t  a 
po in t  s the   f f ec t ive   wa l l   roughness  s i z e  used  by  Nikuradse [15], 
f u r t h e r  o u t  on t h e  e f f e c t i v e  v i s c o s i t y  f u n c t i o n  t h a n  would be  the  case  
f o r  a smooth wall. The r e s u l t i n g  "law of t h e  wall" v e l o c i t y  p r o f i l e  t h e n  
has  the  exper imenta l ly  observed  behavior  as a func t ion  of  e f fec t ive  rough-  
n e s s  s i z e .  When the   roughness  s i z e  is l a rge   t he   l oga r i thmic   po r t ion  of t h e  
v e l o c i t y  p r o f i l e  i s  s imply  d isp laced  downward p r o p o r t i o n a l  t o  l o g  s u /v .  
As the roughness i s  r educed ,  t he  co r rec t  depa r tu re  fro111 t h i s  b e h a v i o r  i s  
achieved  wi th  an  empir ica l  re la t ion .  
w ' 
W T  
A c o r r e c t i o n  t o  t h e  e f f e c t i v e  v i s c o s i t y  i s  a l s o  p r o v i d e d  f o r  t h e  i n -  
f l uence   o f   l ong i tud ina l  wall cu rva tu re .   Th i s   co r rec t ion  is  obta ined  
through an  appl ica t ion  of  the  method used  in  Reference  [16]  to  compress ib le  
flow. The basic  assumption i s  the   advec t ion   and   convec t ion  terms i n  
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equations (27-30) i n  Reference [17] are negligible. The r e su l t  is  a se t  
of four algebraic equations involving the turbulent shear stress and the  
three components of turbulent energy. This set  can then be solved t o  
yield an expression for the effective viscosity correction. The correction 
takes the form, 
v =  [ - cu(; :u=)] y21 cu(l+cu) + e) 4pu'v' - % 
C - 4.0 * 1 %  1 
(IV-2) 
- 
where the terms (p'v'u)/(pu'v') i s  evaluated  using Reynolds analogy, 
-. 
(IV-3) 
Finally, a very minimal mechanism €or causing transition is  provided, 
again entirely within this subroutine. This mechanism allows the user to 
specify the relative proportions of 
cosity which will prevail according 
T = T  Tturbulent + (  
laminar and turbulent kinematic vis- 
to  ther re la t ion  
(0 < T < 1) 
In complete laminar flow T = 0 and in  ful ly  turbulent  flow T = 1. 
(IV-4 
Classification of Arguments 
Inputs: J E ,  J Y ,  J D ,  YY,  FP, FPP, GP, GPP, D, DP, TAU, VH, VHP, 
TURB, SW, CW, SHR, BH, STC, TO, TF, RDT, DT, F J E ,  PR, 
PRT . 
Outputs: J K ,  VE, VEG. 
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111-18) 
ID I ( IV-?b!  
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Subroutine PROFYL con t ro l s  t he  numer i ca l  so lu t ion  of t h e  o r d i n a r y  d i f -  
f e r e n t i a l  e q u a t i o n s  i n  t h e  f o r m  of  (111-7)  and (111-8) as d e s c r i b e d  i n  
Sec t ion  I I I .  
C l a s s i f i c a t i o n  of Arguments 
Inpu t s :  J E ,  J Y ,  J D ,  Y ,  B ,  ET, FPW,  FPPW, FPE, I B C .  
Outputs:  FP, VH,  VHP,  VHPP. 
103 
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1 PP VH, VHP VHPP 
SUBROUTINE PROPYL (JE, Jy, JD, P, B, ET8  PPY, FPPY, 
DIt!EN!!XON Y J C  B Jb 5 
DIMENSION PI! (561, l!H ( J C { ,  V€lP(JD) , VHPP (JD) 
J R=.l V 
DO"206 3=2 JYE! 
DY=Y {J+1 
VHPP J)=VHfiP(J-l)+(B(J,S)+B(J-l,5))/20*(Y ( J ) - Y ( J - 1 )  
:% 1; tiJ,Qi+e (J-1  ,4{ 1, I Y  [J) - i j J - l /  ]/Dr 
Al=ATH-E J ,  )/rY 
A3=ATP+B (J 2) / f Y  A2=ATP+A!!F-E (J  1) 
AQ=B (J 3 ) - 8  J 2 )  *E J 5 -B ( J , l )  *VHPP (J)  
VH(J)=B3/(Sl-dl+VHIJ~l~) 
C C N A L u 4  
VHP J = Au+Bl*VHP (J-1)  ) /  (A2-A1*VH (J-1) 
VHPP(JYL=VHPP ( J Y - 1 )  + (6 (JY85) +E ( J Y - i , 5 )  ) / 2 .  * (Y (JY) - Y  
FP (JY = PE 
DO 25k J J = l .  JYH 
! l ~ ~ ( ~ - ~ b ( J , 4  / Y J + l  Y (J  / D Y  
J=JY-JJ 
CO T N U ?  
FP J =VH ( J  
DO 3i i? JJ= 
J=JY-JJ 
IF A B S  ( P P  
J E= J 
C O N T I N U E  
CONTINUE 
END 
R E T U R N  
4 1  ) * (FE (J+ 
1 ,  JYP! 
( J )  ) .GT. 
1 )  + V H F  
1 E - 8 )  
'P ( J +  
GO 
- VHP 
3 ,-a 1 
P ( J )  +VHP (J) 









Subroutine INTEG performs a s imple  t rapazoida l  quadra ture .  
C l a s s i f i c a t i o n  of Arguments 
Inpu t s :  J E ,   J E ,  Y ,  FP, FIRST. 
Outputs:  F .  
110 
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1) - Y  (J) ) * (FPZ+FPI ) /2. 
E) FiETURN 
J D  
PI RST, 
E N D  
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Subroutine F I L E  prints out the  profiles and parameters at each x station. 
Classification of Arguments 
Inputs: LABEL, I, YY, F ,  FP, FPP, GP, GPP, D ,  DP, VH, VHP,  VHPP, 
TAU, VE, VEG, SIIR, BH, PR, PRT, X ,  U, M, TURB, RW, ViV, 
SW, CW, RDT, DT, MT, HT, SF, CF, ST,  STR, ID, J E ,  J Y ,  




V.  PROGRAM OPERATION 
Input  
J u s t  as t h e  program i tself  f a l l s  i n t o  two p a r t s ,  t h e  i n p u t  t o  t h e  
program i s  b e s t  c o n s i d e r e d  i n  two p a r t s .  The f irst  p a r t  i s  the  cho ice  
o f  t h e  method o f  i n i t i a l i z a t i o n  b e s t  s u i t e d  t o  a spec i f ic  problem.  Here 
t h e  d e c i s i o n  i s  made on t h e  b a s i s  o f  which method b e s t  r e p r e s e n t s  r e a l i t y .  
the   second  par t   o f   the   input   concerns   the   downst ream  ca lcu la t ion .   There  
i s  cons ide rab ly  more l a t i t u d e  i n  t h e  s p e c i f i c a t i o n  of how t h i s  is  t o  be 
c a r r i e d  o u t .  
The i n p u t  t o  t h e  i n i t i a l i z a t i o n  s e c t i o n  b e g i n s  w i t h  a t i t l e ,  
w r i t t e n  i n  t h e  f i r s t  72 columns o f  t h e  f i r s t  ca rd .  This t i t l e  i s  p r i n t e d  
as a l a b e l  on a l l  of the output produced by the program 
The f irst  group o f  numer ica l  inputs  apply  to  the  d is t r ibu t ion  o f  
rl p o i n t s  and t h e  i n p u t  f '  (rl) and g '  (rl) p r o f i l e s .  To s a v e  t h e  e f f o r t  on 
p repa r ing  a l a r g e  number of  input  va lues ,  p rovis ion  has  been  made i n  t h e  
program to   subd iv ide   t he   i npu t   va lues   o f  'I, f'(rl) and g ' ( r l ) .  The  number 
o f  subdivis ions between each input  value i s  s p e c i f i e d  by  JDIV.  The t o t a l  
number o f  rl v a lues  which is  t o  f o l l o w  is  J Y .  J Y  and J D I V  must  be  such 
t h a t  t h e  p r o d u c t  o f  J D I V  and JY is  less than  J D .  Then t h e  rl v a lues  are 
l i s t e d  6 t o  a card.   These are followed  by J E F ,  d e f i n i n g  t h e  t o t a l  number 
o f  p r o f i l e  v a l u e s  FP and t h e  FP va lues  themselves  l i s ted  6 t o  a ca rd .  
F i n a l l y ,  J E G ,  t h e  number o f  p r o f i l e  v a l u e s  o f  GP, and t h e  GP va lues  a re  
s p e c i f i e d ,  a l s o  6 t o  a c a r d .  
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Since  the  rl s t e p  s i z e  i s  f i x e d ,  t h e  i n p u t  n spac ing ,  when subdivided 
by J D I V ,  should  be  adequate   to   def ine a p r o f i l e .  I n  a wholly  laminar 
c a l c u l a t i o n  t h e  rl spac ing  need  not  vary  apprec iab ly  across  the  layer  bu t  
i n  a c a l c u l a t i o n  w i t h  a tu rbu len t  po r t ion ,  sma l l e r  spac ing  shou ld  be  
p r e s c r i b e d  c l o s e  t o  t h e  wall. than is  s p e c i f i e d  f u r t h e r  o u t ,  i n  o r d e r  t o  
r e s o l v e  d e t a i l s  b o t h  v i s c o u s  and l o g a r i t h m i c  i n  p o r t i o n s  o f  t h e  law o f  
t h e  wall r eg ion .  The outer  edge  of  the  boundary  layer  in  rl coordinates  
w i l l  no t  move i n  o r  o u t  a p p r e c i a b l y  as the calcu,lations proceed downstream 
because rl has  been  normalized  with 6 * .  However, f i n e n e s s  o f  rl spacing 
n e a r  t h e  wall w i l l  be  condi t ioned by the largest  Reynolds  number encountered 
i n  a c a l c u l a t i o n .  A few sample  calculat ions  should  provide  the  necessary 
experience.  The samples  of rl d i s t r i b u t i o n s  p r e s e n t e d  i n  t h e s e  examples 
should  cover   most   cases ,   however .   Final ly ,   for   very small x s t e p  s i z e ,  
s m a l l e r  rl spacing w i l l  be  r equ i r ed  th roughou t  t he  l aye r .  
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I n   t h e   s p e c i f i c a t i o n   o f   t h e   i n i t i a l  f '  and g '   p r o f i l e s ,   t h e   r e q u i r e -  
ments d i f f e r  g r e a t l y  d e p e n d i n g  on w h e t h e r  t h e  i n p u t  p r o f i l e s  a r e  t o  b e  u s e d  
wi thou t  change  o r  a re  to  be  r eca l cu la t ed .  If  t h e  i n p u t  p r o f i l e s  a r e  t o  b e  
used as they  are, some c o n f i d e n c e  i n  t h e i r  c o m p a t i b i l i t y  w i t h  t h e  i n i t i a l  
p r e s s u r e  g r a d i e n t  i s  necessary.   For a tu rbu len t  f l ow,  the  p ro f i l e s  mus t  be  
w e l l  d e f i n e d  i n  t h e  law of   the wall region.  If t h e  p r o f i l e s  a r e  known from 
expe r imen t s ,  fo r  i n s t ance ,  and as i s  f r e q u e n t l y  t h e  case, o n l y  t h e  o u t e r  p a r t s  
are known with  confidence,   then it is  b e s t   t o   s u p p l y   t h e   r e q u i r e d  f '  p o i n t s  
c l o s e  t o  t h e  wall from some of t h e  e m p i r i c a l  "law of  the  wall". On t h e  o t h e r  
hand, i f  t h e  i n i t i a l  p r o f i l e  i s  t o  b e  r e c a l c u l a t e d  t o  o b t a i n  a s i m i l a r i t y  
s o l u t i o n ,  it may be a r o u g h  g u e s s ;  t h e  c a l c u l a t i o n  o f  t h e  s i m i l a r i t y  s o l u -  
t i o n s  c o n v e r g e  s t r o n g l y  t o  p r o f i l e s  i n d e p e n d e n t  o f  t h e  i n p u t  p r o f i l e s .  
The next  few cards  are  concerned with the method  of i n i t i a l i z a t i o n  
i t s e l f .  The v a r i e t y  of s i t u a t i o n s  f o r  which the  program  has  been  implemented 
i s  g iven  in  the  fo l lowing  ou t l ine ,  a long  wi th  the  appropr i a t e  s e t s  o f  i npu t  
ca rds  fo r  each .  The i r  t heo re t i ca l  bas i s  has  been  d i scussed  in  Sec t ion  11. 
The f i r s t  parameter on t h e  f i r s t  card  of  each  group, IOP, is  t h e  
i n i t i a l i z a t i o n   o p t i o n   n u n b e r  as a s s igned   i n   t he   fo l lowing   ou t l i ne .  The 
second parameter, MOP, d e s i g n a t e s  t h e  method of c a l c u l a t i n g  t h e  t o t a l  e n t h a l p y  
parameter.  A t a b l e  of   possible   values   of  MOP i s  given  below. 'The t h i r d  con- 
t ro l   pa rame te r  i s  DOP. I t  c o n t r o l s  t h e  i n t e r p r e t a t i o n  of t h e   i n p u t   d a t a .  
The t a b l e  below descr ibes   the  use  of  DOP. Last of a l l ,  the  parameter IO 
must   be  specif ied.  IO determines  whether  an  axisymmetric  flow will be 
c a l c u l a t e d  on t h e  i n s i d e  ( I O  = -1 )  o r  t he  ou t s ide  (IO = 1)  of  the  sur face .  











METHOD OF OBTAINING 
THE g1  (11) PROFILE 
h" assumed constant and equal  to  h" 
throughout the layer; g' (q) = 0.0 .  e 
glw = GBC = [h" - h,(x)]/o~; -hr) i s  the wall 
boundary condition imposed on the energy 
equation. 
e 
g; = -(GBC)dv:/Tw = -Strdw/Tw i s  the wall  
boundary condition imposed on the energy 
equation where Str = RLStr = igw/ [peV, 
(h"-h ) ]  f o r  l aminar  s imi la r i ty  s ta r t ing  so- 
lufio6s and Str = Str = g,/ [peU(hl-hr)] 
f o r  a l l  others .  
TABLE l a .  ALTERNATIVE  ALUES OF MOP 




'TABLE l b .  ALTERNATIVE  VALUES OF UOP 
*Note that  the interchanges marked with an a s t e r i s c  take place at  the 
beginning of the program and thereaf ter  U(1) and f (rl) have t h e i r  
conventional  meanings, whereas Vihj(1) represents (p,,/pe)Vw through- 
out the calculation f o r  DOP = k 2 .  
THE INPUT PROFILE I S  TO BE  USED AS I S .  
Turbulent F low 
Option 2 ,  i n i t i a l  6", R6fcY and /iI a r e  known. 
Option 3 ,  i n i t i a l  6", R p ,  and (Ux6'/;/U) a r e  known. 
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Option 5 ,  i n i t i a l  Rg+:, and Ux6*'/vm are  known. 
MR DT(1) RDTi 1 ) P TO EH 
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Turbulent Flow 
Option 6 ,  i n i t i a l  6 " ,  R ~ Y :  and B are known. 
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Option 7 , i n i t i a l  6 " ,  Rgf:, and (Ux6"/U) are known. 
Only i n  Option 4 i s  t h e  c a l c u l a t i o n  a c t u a l l y  s t a r t i n g  from the beginning 
o f  t he  boundary  l aye r  g rowth .  In  th i s  ca se ,  t he  pos i t i on  X ( 1 )  corresponds 
t o  t h i s  i n i t i a l  p o i n t  where  e i ther  DT o r  U should be zero and the s i m i -  
l a r i t y  laws are used   to   p rovide   va lues  a t  X ( 2 ) .  T h e r e f o r e ,  t o  c a l c u l a t e  
a p l ane  s t agna t ion  po in t  f low (B = l . O ) ,  f o r  example, U ( 1 )  must  be 0.0. 
S i m i l a r l y ,  a Blas ius  f low (B = O . O ) ,  DT(1) must  be 0 .0 .  RW(1) may be 
e i t h e r  f i n i t e  o r  z e r o  d e p e n d i n g  on the  geometry .  For  the  f low s ta r t ing  
a t  the apex of a cone, RW(1) w i l l  be  ze ro  bu t  RW(2) w i l l  be nonzero. On 
the  o ther  hand ,  a f l a t  p l a t e  f l o w  w i l l  have a l l  RW v a l u e s  e q u a l  t o  z e r o ,  
as descr ibed below.  A l s o ,  i n  O p t i o n  4 ,  VW(1) must  be  zero  s ince  t rans-  
p i r a t i o n  i s  not  compat ible  with the boundary layer  assumptions for  V'?S"'= 0 .  
Having i n i t i a l i z e d  t h e  c a l c u l a t i o n ,  it rema ins  to  spec i fy  the  
informat ion   requi red   for   the   downst ream  ca lcu la t ions .  This i s  accomplished 
wi th  a s e t  of cards  each  conta in ing  the  parameters  re la ted  to  an  X s t a t i o n .  
The f i r s t  two parameters ,  X and U must appear on each  card .  The remainder 
need  no t  be  spec i f i ed  un le s s  t hey  app ly  in  a p a r t i c u l a r  c a s e .  
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The sequence of X v a l u e s  on s u c c e s s i v e  c a r d s  d e f i n e  t h e  X spacing 
a t  which  ca lcu la t ions  w i l l  be performed. As i n  t h e  case o f  t he  Y spacing,  
t h e r e  i s  no mechanism f o r  a l t e r i n g  t h e  X s t e p  s i z e  t o  m a i n t a i n  a c c u r a c y .  
The r eason  f o r  t h i s  i s  t h a t  t h e r e  i s  genera l ly   no   need   for  i t .  The 
numerical method i t s e l f  i s  s u f f i c i e n t l y  f o r g i v i n g  t o  b e  a c c u r a t e  o v e r  a 
wide   range   of   s tep   s ize .  The c o n t r o l l i n g  c o n s i d e r a t i o n  t h e n  is  t o  
r e p r e s e n t  t h e  m a i n s t r e a m  v e l o c i t y  d i s t r i b u t i o n  r e a l i s t i c a l l y .  .But s i n c e  
t h i s  i s  known, t h e  X s teps  can  be  chosen  in  advance .  In  the  case of 
l a y e r s  n e a r  e q u i l i b r i u m ,  s t e p s  o f  t h e  o r d e r  o f  many hundreds of  displace-  
ment t h i cknesses  are p o s s i b l e .  On the  o the r  hand ,  i f  t he  ma ins t r eam 
v e l o c i t y  c h a n g e s  r a p i d l y ,  s t e p s  may be small. 
The va lues  of  U,  corresponding t o  each X ,  d e f i n e  t h e  f r e e s t r e a m  
v e l o c i t y  ( o r  Mach number i f  DOP i s  n e g a t i v e ) .  U may be i n  e i t h e r  
dimensional  or  nondimensional  form since i t  appears  on ly  as a r a t i o  i n  
t h e  c a l c u l a t i o n s .  
The t h i r d  q u a n t i t y  t h a t  c a n  b e  s p e c i f i e d  is  TLTRB, wh ich  ind ica t e s  
whether  the  flow i s  laminar (TURB = 0 . 0 )  o r  t u r b u l e n t  (TURB = 1 .0 ) .  
I f  t h e  f l a w  i s  laminar ,  no e m p i r i c a l  c o n t e n t  is  n e c e s s a r y  s i n c e  t h e  
laminar   boundary  layer   equat ions are complete. However, i f  t h e  f l o w  i s  
t u r b u l e n t ,  a semi -empi r i ca l  e f f ec t ive  v i scos i ty  a s sumpt ion  is necessary 
t o  c l o s e  t h e  e q u a t i o n s .  The form  of   this   assumption is  g i v e n  i n  
Sec t ion  I and  the  bas i s  for  the  assumpt ion  i s  d i s c u s s e d  i n  g r e a t e r  d e t a i l  
i n   Re fe rence  [Z ] .  TURB a l s o   h a s   a n o t h e r   f u n c t i o n .  By changing TURB 
from 0 .O t o  1.0, e i t h e r  a b r u p t l y  o r  g r a d u a l l y  o v e r  t h e  d i s t a n c e  o f  
s e v e r a l  X s t a t i o n s ,   t h e   e f f e c t   o f   t r a n s i t i o n   c a n   b e   s i m u l a t e d .   T h e r e  
i s  no mechanism wi th in  the  p rogram to  dec ide  when o r  how th i s  shou ld  be  
done .  This  in format ion  must  be  suppl ied  by  the  -user ,  e i ther  f rom 
cons idera t ion  of  the  boundary  condi t ions  or  f rom previous  ca lcu la t ion  
a t t e m p t s  ( s e e ,  f o r  i n s t a n c e ,  [ l l ] ,  Chapters XVI and XVII). 
GBC i s  t h e  w a l l  boundary condi t ion on the energy equat ion.  Various 
i n t e r p r e t a t i o n s  o f  GBC are made according to  the value of  the parameter  
MOP. These a r e   d e s c r i b e d   i n   T a b l e  1. 
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RW i s  t h e  r a d i u s  o f  t h e  wall i n  a flow  over  an  axisymmetric  body. The 
u n i t s  of RW must b e  t h e  same as those  of  X .  For a planar  f low KW may be 
l e f t  blank, which i s  t r e a t e d  as an i n f i n i t e  r a d i u s  o f  c u r v a t u r e .  
I t  i s  p o s s i b l e  t o  c a l c u l a t e  f l o w s  w i t h  t r a n s p i r a t i o n  o r  a s p i r a t i o n  
by spec i fy ing  VW = v (x) .  VW i s  p o s i t i v e  f o r  t r a n s p i r a t i o n  and nega t ive  
f o r  a s p i r a t i o n .  
W 
Another  boundary condi t ion that  can be specif ied i s  t h e  wall roughness. 
T h i s  i s  done i n  t h e  form  of  average  roughness  size,  SW = s . Again t h e  
u n i t s  o f  SW must be the same as those  of  X .  
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The long i tud ina l   r ad ius   o f   cu rva tu re ,  CW = c i n  t h e  same u n i t s  as 
W ’  
X ,  i s  t h e  last boundary condition which can be prescribed. 
F i n a l l y ,  t h e r e  are s e v e r a l  c o n s t a n t s  which f o r  c l a r i t y  h a v e  n o t  b e e n  
made d a t a  i n p u t s ,  b u t  a r e  set  i n  d a t a  s t a t e m e n t s  as the beginning of  the 
program. The f i r s t  o f   t hese   conce rn   t he   p rope r t i e s   o f   t he   f l u id .  They 
a r e  t h e  s p e c i f i c  h e a t  r a t i o  of  t h e  f l u i d ,  SHR = C / C v ,  t h e  c o n s t a n t ,  
i n  t h e  S u t h e r l a n d  v i s c o s i t y  r e l a t i o n  and the molecular  and t u r b u l e n t  
Prandtl numbers, Pr and Pr t .  
P s C  
I n  a d d i t i o n ,  t h e r e  are some cons tan t s  which a r e  s e t  t o  s u i t  t h e  p a r -  
t i c u l a r  computer  used. The f i rs t  two of t h e s e  are JD and ID, which 
s p e c i f y  t h e  maximum number o f  c a l c u l a t i o n  p o i n t s  p e r p e n d i c u l a r  t o  and 
p a r a l l e l  t o  t h e  wall, r e s p e c t i v e l y .  The v a l u e s  g i v e n  i n  t h e  l i s t i n g  
( J D  = 3 0 0 ,  ID = 60) a r e  c o n s i d e r a b l y  l a r g e r  t h a n  n e c e s s a r y  i n  most  prac- 
t i c a l  c a l c u l a t i o n s .  I t  i s  p o s s i b l e  t h a t  i n  some cases   they  may need t o  
be made l a rge r  o r  sma l l e r  depend ing  on t h e  s t o r a g e  c a p a c i t y  of t h e  com- 
p u t e r  t o  b e  u s e d .  T h i s  may be done by changing the values  in  the data  
s ta tement  and a l s o  by s p e c i f y i n g  c o n s i s t e n t  v a l u e s  i n  t h e  d i m e n s i o n  
statements both of which are at  the  beg inn ing  o f  t he  Main Program. 
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ou tpu t  
The pr imary  output  f rom the  ca lcu la t ions  i s  a l i s t  of t h e  c a l c u l a t e d  
p r o f i l e s  and parameters  tha t  is p r i n t e d  o u t  w i t h  t h e  s u b r o u t i n e  $FILE f o r  
each X s t a t ion   ( s ee ,   fo r   example ,   Tab le  2c). This  output  form  gives-the 
p r i n c i p l e  i n p u t  and  output  parameters a t  t h e   t o p .  Below t h e s e  are t h e  
v a r i o u s  p r o f i l e s  as func t ions  o f  J and  y/6*.  The p r o f i l e s  are i d e n t i f i e d  
with symbols  which are  for  the most  par t  ident ical  and v a r i a b l e  names used 
i n   t h e  program  (see  Notation).  The except ion i s  U / U  which r ep resen t s  
u/U.  The las t  t h r e e  coI.umns are not  used  but  a re  inc luded  for  the  conveni -  
ence of  the user  s o  t h a t  o t h e r  p r o f i l e s  may be  p r in t ed  ou t .  
The output of  t he  ca l cu la t ion  beg ins  wi th  a p r in t -ou t  o f  t he  inpu t  
p r o f i l e s  and o t h e r  r e l a t e d  p r o f i l e s  which have been calculated from i t  with 
$ F I L E .  The next  page  begins  with a l i s t  of t h e  i n p u t  p a r a m e t e r s  f o r  r e f e r -  
ence .   These   a re   ident i f ied  and a r e ,   t h e r e f o r e ,   s e l f - e x p l a n a t o r y .  Below 
t h i s ,  i n  t h e  c a s e  t h a t  t h e  i n i t i a l  p r o f i l e  i s  r e c a l c u l a t e d ,  is  a l i s t  of 
s i g n i f i c a n t  p a r a m e t e r s  f o r  e a c h  i t e r a t i o n  i n d i c a t i n g ,  among o t h e r  t h i n g s ,  
t h e  r a t e  of convergence. 
There  are   pr imary  l ines   of   parameters   of  two types .  One records a 
ca l cu la t ion  by  the  momentum equat ion and t h e  o t h e r  r e c o r d s  a c a l c u l a t i o n  
by the  energy  equat ion.  Thes: d i f f e r e n t  l i n e s  may b e  i d e n t i f i e d  by t h e  
l e t t e r s  F and G ,  r e s p e c t i v e l y ,  which a r e   p r i n t e d  on t h e   l e f t - h a n d  
margin  of  the l i s t .  I n   t h i s  l i s t  o f   s ign i f i can t   pa rame te r s ,  as i n   t h e   c a s e  
of  $FILE, the  pa rame te r s  a re  iden t i f i ed  wi th  the  same symbols as were use  
i n  t h e  program.  The f i r s t  two a re  ind ices  o f  key  po in t s  on t h e  p r o f i l e s  
which a r e  shown in   F igu re  3 i n  S e c t i o n  IV. The next   f ive   parameters  on 
t h e  F l i n e   a r e   r e l a t e d   t o   t h e   p r o f i l e  as a whole. F J E  i s  F(JE) ,   the  
i n t e g r a l  
and FPPW i s  F"(0).  The th ree   p ro f i l e   pa rame te r s  on t h e  G l i n e   a r e  GPW, 
GPPW and DW which a r e   g '  ( 0 ) ,  g" (0)   and   d(O) ,   respec t ive ly .   F ina l ly ,  
t h e  r e c a l c u l a t e d  p r o f i l e s  a r e  p r i n t e d  o u t  w i t h  +FILE and t h i s  s i g n i f i e s  
t h e  end  of t h e  i n i t i a l i z a t i o n .  
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The ou tpu t  o f  t he  ca l cu la t ion  moving downstream cons is t s  of  two par t s .  
The f i r s t  is  t h e  l i s t  o f  s ign i f i can t  pa rame te r s  fo r  each  i t e r a t ion  as i n  
t h e  c a s e  o f  t h e  r e c a l c u l a t e d  p r o f i l e .  T h i s  time, however,  an i n d i c a t i o n  
of  the accuracy of  the numerical  integrat ion along the wall i s  p r i n t e d  o u t .  
This  i s  done i n  t h e  form of  two p a i r s  o f  numbers, f o r  t h e  lnomentum and 
ene rgy  equa t ions ,  r e spec t ive ly ,  one on e i t h e r  s i d e  of each equal sign which 
correspond t o  t h e  l e f t  and  r ight-hand  s ides  of equations  (11-21)  and  (11-23) 
in   Sec t ion  11. Closer  agreement  between  each  pair  of  numbers  indicates 
more a c c u r a t e  i n t e g r a t i o n .  
The second  par t   o f   the   ou tput  a t  each X s t a t i o n  i s  t h e   p r i n t - o u t  
o f  t h e  p r o f i l e s  and parameters with $ F I L E .  
F i n a l l y ,  a t  the  end o f  t h e  c a l c u l a t i o n  f o r  t h e  e n t i r e  s e r i e s  of X 
s t a t i o n s ,  a summary o f  the  impor tan t  in tegra l  parameters  of t h e  f l o w  i s  
pr in ted  out  for  convenience .  
7 1  
I l l u s t r a t i v e  Examples 
Two boundary  layer  ca lcu la t ions  have  been  per formed to  demonst ra te  
some o f  t he  capab i l i t i e s  o f  t he  p rogram.  
The f i r s t  c a l c u l a t i o n  h a s  b e e n  made t o  compare with data  measured 
by Moore and  Harkness [ 181. These measurements are f o r  a n  a d i a b a t i c ,  
compressible  turbulent  f low on a f l a t  p l a t e  a t  a Mach number of 2.669. 
A l i s t i n g  o f  t h e  n e c e s s a r y  i n p u t  c a r d s  f o r  t h i s  c a s e  i s  g iven  in  Tab le  2a. 
A sample l i s t i n g  o f  t h e  v a r i o u s  c a l c u l a t e d  p r o f i l e s  i s  shown i n  Table 2c 
preceded by a pr in t -out  of  the  i te ra t ions  which  produced  i t .  F i n a l l y ,  
t he  summary of i n t eg ra l  pa rame te r s  is  g iven  in  Tab le  2 d .  
A comparison between the calculat ions and the experimental  data  
f o r  t h e  v e l o c i t y  p r o f i l e  i s  shown i n  F i g u r e  5 .  I n  a d d i t i o n ,  d i r e c t  
measu remen t  o f  t he  sk in  f r i c t ion  was made which  provides  an  addi t iona l  
bas i s  for  compar ison .  The exper imenta l  va lue  of  Cf was found t o  be 
0.000862 whereas , t h e  c a l c u l a t e d  v a l u e  i s  0,000883. 
The o ther  example  ca lcu la t ion  i s  f o r  a c o n s t a n t  p r o p e r t y ,  t u r b u l e n t  
f l ow wi th  hea t  t r ans fe r  wh ich  was one of a series measured by More t t i  
and Kays [lU]. The f r e e s t r e a m  v e l o c i t y  d i s t r i b u t i o n  and wa l l  temperature 
d i s t r i b u t i o n  f o r  t h i s  c a s e  a r e  shown i n  F i g u r e  6 .  The i n t e r e s t i n g  f e a t u r e  
of  th i s  f low i s  the sequence of s t e p  c h a n g e s  i n  w a l l  temperature which 
produces a complex S tan ton  number d i s t r i b u t i o n .  
The inpu t  da t a  i s  l i s t e d  i n  T a b l e  3a and the parameter and p r o f i l e  
l i s t i n g  f o r  a sample  locat ion is  g iven  in  Tab les  3b and 3 c .  Table 3 3  
p r o v i d e s  t h e  l i s t i n g  o f  p a r a m e t e r s  f o r  t h e  e n t i r e  f l o w  a n d  F i g u r e  6 shows 
the  good agreement between the Stanton number c a l c u l a t i o n s  and t h e  d a t a .  
I d e n t   i f  icat i  on of Malfunctions 
The calculat ions of  the examples  above a l l  proceeded smoothly. 
However, t h i s  may not   a lways  be  the  case.  To a i d   i n   t h e   d i a g n o s i s   o f  
problems that may be encountered, some of  the  more common d i f f i c u l t i e s  
a r e  d i s c u s s e d  h e r e .  
7 2  
I O O R I ?  A N D  HARKNESS 





C . 7 3 8  
6.555 
C. 42:3 
6 . 2 5 1  
0 .00467  
0 . 0 ~ 0 0 0 5  
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T a h l e  2a. f loo re   and   Harkness  
I n p u t  Dats 
7 3  
INPUT VARIABLSS PCR HOOhE A N C  BARKNESS 
X = 8.00E  1 0 = 1.00E 06 I! = 2.67E 90 TURB = 1.c”l GBC = 0.3 R H  = 0.0  V Y  = 0 .0  SW = 0.0 c- = 0.0 
VALUES OF IUPORTANT  VARIABLPS FOR EACH ITERATION 
I JK JEF 
G 
F J E  PPPY 
JEG G PY 
ET DTXH QU R U  
GPPY 
P U  
DY 
P 88 2 0 5  1 ‘IOE ’10 -2.65E 9,2 1.02E Sr 1.54E-03 0.0 
P 8P 2 5 1” E !! -2.63E . 2  1.02E 
1.54E-C‘3 0 r 




1.75E-C3 0.0 r 88 2 5 1.0 E 36 - 2 . 6 5 ~  c: 1 . 0 2 ~  00 1 . 7 s ~ - n 3  n.0 
G 285  1.3!~-02 3.p 2.39E O C  
P 88 2 0 5  1 .CGE 0 0  -2.66E  321.03E OC 1.88E-C3 0.9 
I 88 205 1.f’OE b J  -2.65E  d21.03E Ob 1.96.E-03 b.C 
G 2’34 1.34E-02 9 . G  2.39E W 
1.88E-C3 C.!r 
1.96E-C3 0.0  
INTEGRALS OF MOflTNTUH A N C  ENERGY EQUATIONS 
HCM?NTUIl 
1.0384 = 1.C382 
ENFRGY 
1.n221 = 1.0’3iIO 
Table  2b. !4oore and Harkness 






















































B O U N D A R Y  LAYER PROFILES POR 
H O O R E  AND HIRRNESS 
:. 0 u/u 
1.27E-u3 
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63333-63 
1 27:-02 
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Oil 1.253-3 3 
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Tab le  2c. Moore  and Iiarkness 














3' 20  E-05 
33843-35 
4  6E-05 
5:9PE-05 











4  18E-G3 
5: 13E-Ci3 






6 n 3 ~ - 0 3  
f;33;rg3 
f ' $ : E " I g  
6. b3E-03 
6:03l?-93 





6.0 3 E 4 3  
6 03E-03 





6 : 8 3EI83 6 3E 3 
F O  
:&E 88 
-8.70E 00 
-1.70E G 1  
-4  37E 0 
-8'71E O? 
-1:69E P2 
-2  39E 02 
-9398E C 
-6 05E 01  
-4:55E 01 
-3  72E 01  





- 36E Cl 
-6.03E 00 






-3  53E- 
-2.40 E-0 1 
-2: 82E-81 
- 2.28 E-G -2.32E-01 



















9: 11 6 
























- 9 . 6 1 ~ 4 2  
:*832I:8: 
131 #:3$ 






-8 18E-  2 














6 54E- 8 
1.74E-08 
7.061-10 
2: 6 33-87 
2: :%8? 




8 62E- 7 
9:42E-!7 
6. 91-  7
k W 8 f  
-;:"3:I8; 
1 25E- 6 :::;::is 
1.041-06 
-2.11)E-06 
-4  713- 6 
-6302E-86 













P R I N C I P A L  B O U N D A R Y   L A Y E R  PARAHETERS FOR 
NOORE A N D  HhRKNESS 
X DT NT RT SF CF S T  GPU RDT U ?l TURB 
0.0 
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Table 2d.  ?.loore and Harkness  
Summary of I m p o r t a n t  Input and O u t p u t  
P a r a m e t e r s  f o r  E n t i r ?  C a l c u l a t i o n  
2.669 1.006 
2.669 1.003 
2.669 1. O O J  
2.669 1.000 
2.669 I .GE3 
2.669  1.000 
2.669  1.000 
2.669 I. ono 
R Y  v u  
0.0 0.0 
ri. 0 0.0 
0.0 0.0 
C.0 0.0 
n. u 0.0 
0.0 0.0 
D. 0 0.0 



















M = 2.67 
e 
R6+: = 3.0 x lo6 
- =  0.0  dx 
S t  = 0 . 0  
0.3 0.2 u-u 0.1 
U 
Figure  5 .  Comparison  Between a V e l o c i t y  P r o f i l e  Measured by 
Moore and  Harkness [18] and  the  Calcu la ted  Prof i le  
Shown With  an Unbxoken Line.  The Calcula ted  C f  
was 0.000873 Which Compares Well With t h e  







7 7  
MORETTI A N D  K A Y S ,  CASE 24 
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Table 3 a .  (cont.) 
79 
I 
INPUT VARIABLES FOR FORETTI AND KIYS, CASE 24 
t = 7 . 4 5 ~  01 a = 1 . 0 0 ~  c o  n = 0.0 TURB = 1 . C ’ )  GB2 = 5 . 1 9 E - d l  FU = 0.3 VU = ?.:J 
I JK JtP P JE 
G JXG GPO GPPY 
rppu 
IYTISGBALS or HOIERTIJI 
VALUES CP I I P O R T R N T  V A R I A B L P S  FOR EACH ITERATION 
DT DTXH PU Qn R U  
LU 
su = J.C 
Table  3b.  Moretti and Kays, Case 24 
S i g n i f i c a n t  Parameters f o r  Each I t e r a t i o n  a t  X = 74.5 
B O U N D A R Y  LATEE PROFILES FOR 
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91 
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132 
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DT 4.04B-02 IT 3.01E-02 AT = 4.19B-02 SF = 1.3UE 0 3  CP = 3.28E-03 ST = 7.44E-JU 
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Table 3c. Moret t i  and Kays, Case 24 
Output of Profiles by $FILE f o r  X = 74 .5  
P R I N C I P A L  BOUNDARY  LAYER PIRAHETPRS FOR 
HORETTI AND  KATS,  CASE 24 
I DT I T  AT sr CP ST 
12.70000 0.050000 0.034340 0.008031  1.456 OmG0384 0.00302 
15.30000  0.054906  0.038372  0.009244 1.431 0.07388 0.00210 
15.80000  0.055802  0.038988  0.009441  1.432 0.00386 0.00207 
16.79999  0.057494  0.040248  0.009836  1.428  0.09386  0.60206 
19.00000  0.060895  0.042912  0.016703  1.419  0.00384  0.96203 
20.00000 0.062026  0.043974  0.011098  1.411  0.00385  r1.on201 
21.00000  0.062192  0.044513  0.011522  1.397  0.00391  0.00223 
21.89999  0.061771  0.044307  0.011863  1.394  0.00393  0.00246 
23.00000  0.061780  0.044591  0.012649  1.385  O.Qfi396  0.90268 
24.09999  0.061960  0.044906  0.014065  1.380  0.05399  C.C9304 
25.09999  0.060970  0.944621  0.016520  1.366 0.0940l8 O.OC336 
26.20000  0.658080  0.042935  o.o19rc1  1.353  0.00421  ti.0~~281 
27.09999  0.055431  0.041149  0.~20797  1.347 3 . ~ 4 2 9  c.1111274 
28.09999  0.053502  0.039828 0 . ~ 2 7 5 0  1.343  n.no429 n . 0 ~ 2 6 8  
29.~9999  0 .053401  0 .039759 ~ ~ 0 2 4 8 9 8  1.343  u . ro426  0 .00240 
30.20000 0.053086 0.039564  0.027113  1.342  0.00423 0.90248 
31.20000  0.052510  0.039206  0.0281G6  1.339  f1.00421  0.00163 
32.29999  9.052331  0.039124  0,028760  1.338 0.FC1421 9.00131 
33.20000  0.051730  0.038662  0.026753  1.338 O.CP419  0.C0121 
34.29999  0.051712  0.C3868C  0.028970  1.337  P.n@417  0.013127 
35.39999  0.051371  0.038413  n.02918:  1.337 O.CO417 O.Of'l66 
36.39999  c.osa677 n.c38001 0 . t2959~   1 .334   ( : . cwI~   0 .~1122r :  
37.59999  0.050849  0.038046  0.031259  1.337  0.00409  0.00265 
38.59999  0.051508  0.038590  0.033238  1.335  0.09407  0.03243 
39.50900  0.051635  0.038607  0.034622  1.337 O.CO492 (1.3C231 
4o.soooo 0.052227  0.039124  0.~36437  1.335  0.00399  o.on224 
41.70000  0.052758  0.039850  0,039956  1.324  ti.00417 ('.C!3213 
42.59999  0.047757  0.036375  0.038755  1.313 O.n:)418 C.00217 
43.59999  6.047535  0.035942  0.939392  1.323  b.Qft423 0.OCl134 
44.70000  9.047G42  0.035789  0.039867  1.315  3.93418 0.001@1 
45.70000  0.045615  0.034755,  0.039173  1.312  0.06419  P.90~71 
46.70000  0.044519  0.033905  0.038363  1.313  0.06418 U.Co077 
47.70000  0.049154  050336113  0.037949  1.314  (I.Dn415  C.09089 
GPY 
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'Table  3d.  Moretti  and Kays,  Case 2 4  
Sumnary of Important  Input  and  Output 
Parameters  for  Ent i re  Calculat ion 
48.70000  0.043772 0.C33343 3.937672 1.313 6.07411 0.0nl52 
89.09999 o . e w o 1  0 .~33573  n.039220  1.319  u.nm13 o . o m o  
51.00000  0.041889  0.032092  0.339390  1.305 0.Un416 0.30266 
52.0('000 0.040121 4.03072P 0.b39455  1.306  0.00420 O.O(r209 
53.09999 Om038863 0.029839  0.040389 1.3(;2 9.00425 5.6fi197 
54.00300  0.936996  0.028818 b.04C085 1.302 9.00424 O.OCl9U 
55.09999  0.036223  0.027828 0.04C898 1.302 0.00426 U.9c185 
56.00000  0.035058  4.026944  O.r)4@275  1.3Q1  0.00422  0.0"386 
57.00000  0.334401  0.026427 0.03959'' 1.302 0.00421  0.00039 
s8.aonr)o 0.033546 0 . ~ 2 5 7 7 3  0.038438 1.302 0.00417 c1.0rcz3 
59.09999  0.032994  0.025354  0.937536  1.301  b.f,:)416  0.30932 
60.00000  0.032248  0.020738  n.336411 1.304 'J.CO412  O.GC.061: 
61.09999  0.032040 Od24544 J.036C42 1.365 0.40419 Cer9134 
62.29999  0.031186  0.023935  0.336@19  1.303 O.CF408 0.00206 
63.39999  0.030339  0.623334  0.336510 1.3P3 0.39413 C.O?19(, 
64.2oooo ~.o29008 0.022291  n.c35894  1.331 7.r5411  0.0n182 
65.29999  0.928749  0.022054  0.036412 1.3EiS 4.C0409 C.nP175 
66.29999  9.928171  0.021664  0.036072 1.3GC  O.CO39.9 O.I?3161 
67.39999  0.029259 0.02230Q 0.937091 1.312 0.09392  0.90167 
68.29999 o . o m 7 5  0.022467  0.037177 1.312 0 . ~ 0 3 8 1  [1.0n160 
69.39999  0.030992  0.023430  0.337859  1.323  0.00369 0.Ot.150 
70.39999  0.032860  0.024785  E.039235 1.323 0.3C362 0.09149 
71.50030  0.033305  0.025123  0.038847  1.326 OeC0352 0.90140 
72.59999 0.036050  8.026964  0.040218 1.337 9.C3343  0.40146 
73.!50000 0.038094  3.028487  0.041246 1.337 CeCO334 0.0fJ147 
74.50000 0.940396 0.030139 0.041866 1.340 0.C0328 0.06074 




















































Table 3d. (cont . )  
,004 .. 
,003 . 
s, .002 .' 
,001 .. 
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Figure 6 .  Comparison  Between a S tan ton  Number D i s t r i b u t i o n  
Measured by Moretti and Kays c191 on a Cooled F l a t  
P l a t e ,  and the  Ca lcu la t ed  S tan ton  Number D i s t r i b u -  
t i o n  Shown wi th  an  Unbroken Line.  Also Shown a r e  
the  Exper imenta ' l  Veloc i ty  Dis t r ibu t ion  and  Wal l  
Tempera ture  Dis t r ibu t ion  Which Were Used f o r  t h e  
C a l c u l a t i o n s .  
The  most comlnon of  these i s  s imply  tha t  the  so lu t ion  does  not  converge .  
Ind ica t ions  tha t  th i s  has  happened  appear  in  the  numbers pr in ted  out  dur ing  
the  sequence  of  i t e ra t ions .  To begin with,  F J E  should  be  between 0.995 and 
1.005.  Also, FPPW and GPPW o r  GPIV should  have  changed  by less than 1 / 2 %  
between  the l as t  two i t e r a t i o n s  f o r  s a t i s f a c t o r y  c o n v e r g e n c e .  Lack  of  con- 
vergence may r e s u l t  from a number of  causes  some of which will be descr ibed 
be low. 
The o the r  impor t an t  pa t t e rn  of c a l c u l a t i o n  f a i l u r e  is u n j u s t i f i e d  s e p a r -  
a t ion .  Th i s  can  be  r ecogn ized  by  the  f ac t  t ha t  FPPN becomes p o s i t i v e ,  i n -  
d i c a t i n g  a nega t ive  wall s h e a r  stress, and/or FJE becomes negat ive.  Unjus-  
t i f i e d  s e p a r a t i o n  f r e q u e n t l y  o c c u r s  when the boundary layer  i s  n e a r  a c t u a l  
s e p a r a t i o n .  If one  j t e r a t ion  behaves  as i f  the  sepa ra t ion  po in t  has  been  
overstepped, then it is d i f f i c u l t  f o r  t h e  c a l c u l a t i o n  t o  r e c o v e r .  
Both of t hese  ma l func t ions  usua l ly  can  be  traced e i t h e r   t o  an a c t u a l  
e r r o r  i n  t h e  i n p u t  d a t a  o r  t o  a poor  choice of  the X s t e p  s i z e .  I n  t h e  
l a t t e r  case, t h e  s t e p  s i z e  i s  t o o  l a r g e  i f  t h e  s h a p e  f a c t o r  i s  changing by 
inore than about 5%. On the  o the r  hand ,  i f  t h e  numbers  on e i t h e r  side of 
t h e  e q u a l  s i g n  r e p r e s e n t i n g  t h e  INTEGRALS OF hlOMENTUh1 AND ENERGY EQUATIONS 
are very  c lose  to  1 .0000,  then ,  i f  p o s s i b l e ,  t h e  s t e p  s i z e  s h o u l d  b e  made 
l a r g e r  f o r  e f f i c i e n c y .  
Other  possible  causes  may be choices of boundary conditions which are 
incompatible  with the assumptions used to  der ive the basic  boundary layer  
equations.  For  example,  the  program will n o t  c a l c u l a t e  a boundary  layer 
with a s t e p  change i n  Erees t r ean l  ve loc i ty  o r  t r ansp i r a t ion  wi th  v /U n e a r  
0.1.  A r a d i u s  o f  c u r v a t u r e  i n  axial flow  which is smaller than the boundary 
l aye r  t h i ckness  may a l s o  g i v e  t r o u b l e ,  and very large roughness  e lements  of  
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